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AN ORDINARY DIFFERENTIAL EQUATION CODE)
OF ORDER M IS A RELATION OF THE FORM :

n -1

f- ( d
"

DIY
" '

- % . .

Y'" i " - s !¥" '

, 91×1,4=0

[ IMPLICIT FORM)

◦ R : dj÷¥ G. ( ᵈ ya . _ . - sold"
, ya ) ,✗)

dx" dlx

( EXPLICIT FORM )
-

THE EQUATION IS CALLED

"

AUTON @ MOUS
"
IF

THERE IS NO EXPEL CIT DEPENDENCE ON

2h
,

FOR EXAMPLE Y
"

t sihly
'

y )
= 0 is

AUTONOMOUS
.



IN MANY [BuTNtL ) APALI CATIONS
,
*

HAS THE INTERPRETATION
OF TIME .

- -
-

-
-
-
- --

TYPICALLY WE ARE INTERESTED IN SOLVING

AN INITIAL VALUE PROBLEM ( IUP) :

FIND A SOLUTION OF THE ODE

0=0-1 !÷y . 1¥,y ,

-
-
-
- syiy . -11=0

SUCH THAT ycxo )
= %

. Y' cxo) = Y,
:{ :

dn
"

11×0)=Yn -1
dxn -1

-
-
-

-

- -

SOLUTIONS IN GENERAL COME IN FAMILIES
,

DEPENDING ON M CONTINUOUS PARAMETERS .

THE PARAMETERS CAN BE
⇐FIXED IN TERMS OF THE

INITIAL CONDITIONS Yo
,
Ya , -

. .
. Yn -1 .



REWR-I-thE-a.in
AS A SYSTEM OF 1st ORDER ODE 's

start From e×TE

at
- y⇔=Gl%÷ ,

. . .it?..yix )
dxn

DEFINE A VECTOR FUNCTION :

→ F. HI

y
'
ex )"" I;÷÷.
"

:|i.

elxn-1

THEN IT SATISFIES A 1st ORDER ODE
.

"⇒" =p:* ,
Folk ) Enlil

: :
dx (Faith ) (Fnma )µ, ,, , g. , ,÷, , %, , . . . .gg ,

)



LOCAL EXISTENCE &

UNIQUENESS OF SOLUTIONS

n

- ya
= G( 9

" '"

,
_ . . . ,y

'

,y ,
×)d

dx
"

p☆
CONTINUOUS WITH CONTINUOUS

DERIVATIVES IS MEONRE THAN
ENOUGH

IF G is

"

SMOOTH ENOUGH
"

IN A CLOSED

NEIGHBOURHOOD OF A POINT

✗=Xo
, y

= Yo
, y

'
= Ya ,

- - . .

, y
'" "

__ Ym . >
,

THEN THE INITIAL VALUE PROBLEM WITH

INITIAL CONDITION

in - "

(a) =Yn -1
ycxo ) =Yo , y

'

ko ) =Y, ,
- -

- -
•

, Y

HAS A UNIQUE SOLUTION IN SOME

INTERVAL [ Xo - E , ✗
◦
+ E] ,

E > 0 .

( BUT WE DON'T KNOW A PRIORI HOW LARGE E CAN GET)
.



LINEAR ODE 's

-

ᵈ"µ÷HanK ) + !÷→yH•n→k)+ - . _

* _ . . ᵈY
. aelx ) * 11×1%1×1=0

dx

- - - -
-
- -
- - -

-
-

-

( A LINEAR COMBINATION OF THE FUNCTIONS AND

ITS DERIVATIVES ,
WITH COEFFICIENTS WHICH

CAN BE FUNCTIONS OF 2C
, BVTN0TOFy-)
-

HOMOGENEOUSTHIS IS CALLED A LINEAR
-

ODE
•

AT IS SIMPLE TO PROVE THAT FOR SUCH EQUATIONS

ANY LINEAR COMBINATION OF SOLUTIONS IS STILL

A SOLUTION; i. e. IF Yak ) / yzlx ) SOLVE THE

ODE
,
THEN C

, yaw
) t Cz yf✗ ) IS

ALSO A SOLUTION (WITH CLENT G ,Cz)
.



THE GENERAL SOLUTION IS OBTAINED BY

TAKING A LINEAR COMBINATION OF N

INDEPENDENT SOLUTIONS .

IF WE HAVE M SOLUTIONS Yak ) , _ . . , Ymtx}

WE CAN CHECK THEIR LINEAR INDEPENDENCE BY

COMPUTING THE VVRONSKIAN :

Yak ) .yzl✗ ) - - - -
-

- Yuk )

%
'

" ' "
'
" ' " '

' %"" /=\ '

; i. '

-

.

.

In-11

19%4×1 yzix , y"mY✗)\ DETERMINANT

THE SOLUTIONS ARE INDEPENDENT

IF AND ONLY IF ¥-0 •

µ GENERAL
,
VV IS A FUNCTION of 2C BUT

IT SATISFIES A SIMPLE 1st ORDER ODE .

WE WILL SEE

IT EXPLICITLY IN THE M=2 CASE
.



GENERAL EQUATION FOR WK)

IT IS POSSIBLE TO PROVE IN

GENERAL :

dIH= -

°

"÷,- win
dse

FROM WHICH ONE CAN SOLVE :

✗

- : :::÷•×
'

WH ) = Wix . ) e

( BELOW WE SEE ' IT MORE EXPLICITLY FOR m=2) .
FOR ANY REFERENCE POINT ZO

.

IF Wix ) is f- 0 AT ANY POINT THEN

IT IS f- 0 EVERY#b-IERE
.



¥.ms?::::::.::::::...:::---t.--taok)yH)--klx)
FOR MIX / ≠ 0 , ¥1K CAN FIND THE

GENERAL SOLUTION BY :

- STUDYING THE A§$•E$A-TTÉD HOMOGENEOUS

EQUATION (WITH RK ) -Ed§O ) AND FINDING

M INDEPENDENT SOLUTIONS Yak ) , - - - . ,Yml✗) .

- FINDING A PARTICULAR SOLUTION Yinalx)

of THE IÑ HOMOGENEOUS EQUATION .

THENTHEGENERFi-N-IASTHEFORM.ca
Yak ) + Czyz 1×1 + .

. _ + En Yn /✗ I 1- Yimhlx)



( i. e. ,
GENERAL SOL TION OF HAMO

,

GENEOVS EQUATION 1- PARTICULAR

solution of INHOMOGENEOUS) .

=



SIMPLE ANALYTIC METHODS

TO SOLVE ODE 'S EXPLICITLY

*1st ORDER SEPARABLE EQUATION

Y' v1 1-1×1 Bly ) + Ck ) Diy ) =D

↳ Y'
B☐¥,

=
-

Dir)

↳ I :÷•s= - j¥÷•e+k
1

constant

* IN PARTICULAR , of COURSE

y
'

= A- ( x )

↳ ycx )
: [ Act )dt + K



* EQUATION IN THE FORM OF EXACT

DIFFERENTIAL

y
'

Alxiy ) + Blxiy ) =D

WHERE Akiyl= Try
✓ ( ✗ iy )

Bay / = 2- Very )

FOR SOME POTENTIAL FUNCTION ✓( ✗ iy ) .

IF THIS IS TRUE , THEN
THE ODE

TELLS US THAT

Y
'

JYV + 2×11=0

⇒|ᵈ_VHy#dx

SOLUTIONS OF THE ODE

THIS MEANS THAT SOLUTIONS LIVE ON

LEVEL CURVES OF ✓
•

↓



K = ✓ ( × , y☒ c-
IMPLICIT Form

OF SOLUTION

IF WE HAVE
l*ow TO USE THE METHOD ?

Akey ) / Bcxcy ) ,
WE CAN CHECK IF THEY

SATISFY |J×Akiy)=2yBl✗#
→

NECESSARY CONDITION FOR ✓ TO EXIST
,

EQUAL ASSUMINGBrowse 2×1=2×3 ✓[j%"[,,,•[2yB=Jy2✗ ✓

tENEEÉNDTNATÉ
( IN A SIMPLY - CONNECTED REGION) WE CAN

RECONSTRUCT ✓ (✗ iy ) BY INTEGRATING

ITS GRADIENT FIELD

( 2- V , ay✓ ) = ( BK.gl , Airy ) )



WE CAN TAKE ANY INITIAL

POINT ( Xo , yo ) , AND INTEGRATING
,

FOR EXAMPLE ALONG THE CONTOUR :

• (✗ iy )

t
•# -

Chiyo) IX. yo )

WE FIND ✓ ( × , y )
- ✓ ( ✗ ◦ iyo)

✗

y

= / 2- VCs , yo ) ds + fdt2yVHt )
✗
◦ Yo

✗ y

= f Blsiyo )ds + fdt Acx , t )
.

✗ 0

Yo



1M¥ EXERCISE :

-

VERIFY TALAT CHOOSING

THE CONTOUR 7- key )

t
Exoiyo)

ONE FINDS THE SAME RESULT
.

- -
- - - -

-
-

-

EXAMPLE
=

ODI : (3%-5) + czy)yM•=o
TEST : Jg B = 2x A = - I ✓

THORN WE BUILD :

# cry)

10101 µVkiy_-§ds(zs)t§Hᵗ2_y)d#0

= y2 + ✗
3
-

y ×

WITHOUT LOSS OF GENERANEEÉ=
( WE CAN ALWAYS REDEFINE ✓ BY A CONSTANT )



THEN THE SOLUTION OF THE ODE

IS GIVEN IMPLICITBY BY ;

K = y
'

+ ✗
3

+ yx

NOTICE THAT INVERTING Y AS A FUNCTION

OF ze
,
WE CAN FIND MORE BRANCHES

.

IN A CONCRETE AMP
.

WE ARE ON A

PARTICULAR BRANCH

LEVEL
CURVE of

✓

mkay )

÷÷IA-
µ

,,µ%"i*g- Protection



THE PROJECTION OF LEVEL CURVES ON THE

( X ,y ) PLANE GIVES THE SOLUTION
.

ny

Jon¥4.

THERE MAY BE SINGULAR POINTS

WHERE y
'

# → ± A.

THESE OCCUR FOR VALUES OFF (✗ iy )

WHERE THE ASSUMPTIONS OF THE

EXISTENCE & UNIQUENESS THEOREM ARE

VIOLATED
.

IN THE EXAMPLE ABOVE (3×2-7) + fzy - e) 41=0
SUCH POINTS ARE ALL PODNTS WHERE

2y-r
THESE ARE THE POINTS WHERE TATE COEFFICIENT

↳



IN FRONT OF Y
'

VANISHES
.

POINTS WHERE THE ORDER OF AN ODE

IS REDUCED ARE ALWAYS POTENTIALLY

SINGULAR
•

=

*h1NEAREQ_FlRSTORDER_
A SIMPLE 0B€ LIKE

y
'

+ y +✗ =D

IS NOT SOLVABLE WITH THE METHODS ABOVE
.

(CONVINCE YOURSELF THIS IS TRUE ! )

WE WILL SOLVE IT WITH THE METHOD OF

VARIATION OF CONSTANTS .

LET US CONSIDER IN GENERAL :

Y
'

+ petty = Rex )



FIRST
,
IT IS EASY TO SOLVE THE HOMOGENEOUS

CASE WHEN R= 0

y
'

+ ping -_ 0
.

THIS IS SEPARABLE AND GIVES :

✗

- fpctlodt

YG ) = C. e
. I C. yaw )

TO SOLVE Y
"
t PK ) Y = kit

,
WE LOOK

FOR A SOLUTION IN THE FORM :

Tinnin = CG) - Y
,

K )

↑
HOMOGENEOUS solution

ya
'

+ pity, = 0

THEN THE ODE IMPLIES %
✗

C
'

y , = r → Cw = / y.%i
✗ 0



✗

↳ yimqfx )= fds rest 911×1
-

Ya (s )✗◦

- fdt pct )
✗

=/ dsrcs ,
es

"

Xo

→ GEN . SOLUTION =

A. yaw ) + Yinhlx )
✗

✗
✗ - § pltldt

-1pct ) dt
✗◦

+ Jds rest e

= A e .

✗ 0

TÉTÉARATNoA
IS VERY GENERAL

.

FOR ALL LINEAR ◦ DEB
,

IT ALLOWS TO RIND A SOK . OF INHOMOG
. EQUATION

STARTING FROM BASIS OF SOLUTIONS OF 1*008 . CASE.



2h01 ORDER LINEAR

* HOMOGENEOUS
,

WITH CONSTANT COEFFICIENTS
.

y
"
+ or y

'
+ b=0

fx
↳ Look FOR SOLUTIONS IN FORM 91×1*2 :

↳ + ag + b) =D

CHARACTERISTIC EQUATION

IN GENERAL

2 SOLUTIONS → 2 LIN . INDEP
. SOLUTIONS

§+ # S - K

ca e t Cz e

• IF THE EQUATION HAS ☒ INCIDENT ROOTS
,

i.e. ft = } _ =} , T#EN WE CAN TAKE

Sx

e) ✗ AND 2c - E AS BASIS OF Solving
.



* GENERALCASÉ ( HOMOGENEOUS)

y
"

t put y
'

+ 9K1g = 0

•
PROPERTIES OF THE WRONSKI A N

FOR TWO SOLUTIONS Y > ( ✗ 1
1 92 ( X ) , THE

WRONSKIAN IS :

WIN = /
Y ' '" Yee"

yin , yin ,
/ =%ᵗ"Yi '" - yzkiy.la,

• IT IS EASY TO SEE THAT IT SATISFIES :

W' G) = - peril Wix )
✗

↳ Was = ( × . ) e-
f. Pet > dt



Bo RECONSTRUCTING THE SECOND

SOLUTION

SUPPOSE WE HAVE ( SOMEHOW) FOUND ONE

SOLUTION Yet ) .

LET US LOOK FOR Yz ( x ) IN THE FORM

9247 = U( × ) y ,c✗ )
( VARIATION OF

CONSTANTS AGAIN)

THE ODE y
"
t put y

'
+ 91×14=0

SATISFIED

BY 92 IMPLIES ;
-

.

I.u"yit2u'yi+p:y=#
(WHERE WE DROPPED SOME TERMS BECAUSE

Ye SOLVES THE ODE )

↳ THEN WE CAN DEFINE ✓(x ) = U' (x)

↓



V
'

ya + V. ( a yi + p yr ) =D

( SEPARABLE EQUATION FOR Vcx ) )

+

-[ pit ) dt
V41 = C.
e¥,

=
[ V¥
yicx )

- pistols

✓ = U
'

→ www.cjy#-dt
- pistols

↳ g. a) = C § '"Edᵗ



2nd ORDER INHOMOGENEOUS :

VARIATION OF CONSTANTS

SUPPOSE WE HAVE TWO SOLUTION 91 , Yz
of THE HOMOG . EQ :

y
"

+ pity
'

+ 9k1g __ 0
,

WITH WRONSKIAN
= / % 42

yi yi / =/ 0 .

WE CAN USE THE VARIATION OF CONSTANTS

METHOD TO CONSTRUCT THE SOLUTION of

y
"
t pen y

'
+ qcxiy = .ru )

-

1DEA- : LOOK FOR SOLUTION OF THE FORM :

Yinalr) =.GG/Yilx)tCzCx)YzCx)



↳ AGAIN
,
WE TOOK THE GENERAL SOLUTION

G Yai ) + C
, Y , K ) FOR real -_ 0

,

AND WE TURNED CONSTANTS INTO

FUNCTIONSV.VE
WILL ALSO IMPOSE AN EXTRA

CONDITION :

ciwynkltczklyi.to •

PLUGGING Yinh INT.⊕ THE ODE
,
AND

USING THE CONSTRAINT ABOVE [AND ITS

DERIVATIVE ) , WE FIND :

ciyit Ca
'

ya
'
=ri✗)

I



PUTTING TOGETHER THE LAST EQUATION

AND THE CONSTRAINT WE FIND :

{ ciyitciyz-ociyii-ciyi-rc.is
→ SOLVE THE LINEAR SYSTEM FOR

C1
'

,
Cz

'

,
THEN INTEGRATE

TO FIND Cali ) , Czcx ) .

↓



THE END RESULT IS :

Yimalx ) = GG ) Yak ) t GG ) Yzcx )

✗

= f Hurt ) rect ) dt
✗ o

1%14 Yzlt )

WHERE Hult ) = Y1K)y
•

141ft
) Yzlt )

yiiti yictl /

2e◦ CAN BE TAKEN ARBITRARILY
. CHANGING

✗
◦ JUST ADDS A SOLUTION OF THE HOMOGENEO

,
EQUATION TO Yinh .



SOME EXERCISES :

* y
'
+ y + ✗ = o wit" 9101=1 .

* y
"
+ y

= 1

y' 10 ) = 0 .*⇒+,;÷
WITH y (D)=L

*y"t8xy'+fy=o8=PARAnET-#

• • VERIFY THAT yylx ) =
e-

£

IS A Solution

• FIND A SECOND SOLUTION

• SOLVE THE I. V. P
.

WITH YG) =L g Y' (D) E-38
.


