
PARTIAL DIFFERENTIAL

EQUATIONS ( P -
D. E.)

A PDE IS AN EQUATION OF THE FORM
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THE ORDER OF THE PDE IS THE ORDER OF

THE HIGHEST DERIVATIVE APPEARING
.

EXAMPLES OF PDE 's RELEVANT IN PHYSICS :

• Nxt Uy=0 (TÉE)

• Ux + U Uy
= 0 or Ux + flu )Uy=O

(NONLINEARTM-N.JP#-EQr)
↓

EXHIBIT THE PHENOMENON OF
"
SHOCK WAVES "

• Utt
- Uxx =D (WAVIER. )



• Ut - U✗✗ =D ( HEAQ . )

• Uixxt Uyy =D
(LAEg . )

( e.g. ER .

FOR ELECTROSTATIC

POTENTIAL )

Ñ1TH CHARGE DENSITY : U✗✗+ Uyy = f ( ✗ ly )

(Ee)

• Ut 1- U Ux - E Uxx = 0

cˢ'EIN)
RELEVANT IN FLUID DYNAMICS ;

U I VELOCITY OF THE FLUID

• Ut TCU Ux + Uxxx =D

(ko*ÉR⑧EE . )
←

RELATED TO "
SOLITONS

"



•VtkEtRRE• AND MORE
. - <

USEFULCONCÉPTS
LINEARIE :

SAME CONCEPT AS FOR ODE 'S .

THE PDE [ [ u ] = 0 IS LINEAR
,

T
DIFFERENTIAL OPERATOR

WHEN Lcu, ] = < cuz ] =o IMPLIES

[ [ ur + uz ]=O .

IN PRACTICE THIS MEANS [ IS A

LINEAR COMBINATION OF THE FORM

A- lxn.vn/Ut2B%ee.-..ixn)Uxi
i >

|t$(
"""

Kai . . ,✗n ) Uxixj

COEFFICIENTS#t
. . .

= ☐

DO NOT DEPEND

ON U



INHOMOGENEOUS
"

LINEAR "
EQUATION :

-

L [ u ] = RIM ,
. . >

✗- )

THEN THE GENERAL SOLUTION IS GIVEN BY

THE GENERAL SOLUTION OF THE HOMOGENEOUS

PROBLEM
, PLUS ANY PARTICULAR SOLUTION

OF THE INHOMOGENEOUS ONE
.

CTHESAMEASFOROD.li#
LET US INTRODUCE TWO USEFUL DEFINITIONS

.

* QUAEAREQOd : ONE THAT IS

LINEAR WITH RESPECT TO THE HIGHEST

DERIVATIVE TERMS .

e. of - THE BORN - IN FELD PDE ;

C- Ui )U×✗ + 24kt Uxt - (1+4×2) Utt -_ °

IS NONLINEAR
,

BUT
"

QUASI - LINEAR
"

.



* FULLY NONLINEAR EQUATION : NONLINEAR

ÉÉEETTÉÉST
ORDER DERIVATIVES

.

e. g. THE EIKONAL EQUATION
,

u? + uj=1 ,

OR THE MONGE - AMPERE EQUATION
,

Uiy - axe Uyy =fC✗ , y ) ,

ARE FULLY NONLINEAR .

-

WE WILL SEE THAT IN PDÉ 'S OFTEN THE

MOST NATURAL PROBLEM IS NOT AN INITIAL

VALUE PROBLEM BUT A BOUNDARY VALUE
-

PRM .

✓N=
Boundary ◦ a gz

• PDE VALID INSIDE DOMAIN

r

• BOUNDARY CONDITIONS ON

U OR ITS DERIVATIVES

ATTTHE BOUNDARY
.

D; OPEN AND

CONNECTED SET

" DOMAIN
"



THREE VERY IMPORTANT TYPES OF BOUNDARY

CONDITIONS :

• DIRICHLET BOUNDARY CONDITIONS
-

: THE VALUE

OF U IS SPECIFIED AT POINTS of 252
.

• NEUMANNCOND.IT/0NS- : THE VALUE OF

THE NORMALD.FR/VATlVE- m→ . U IS SPECIFIED

ALONG 252

☒*:
• ROBIN BOUNDARY CONDITIONS : THEY SPECIFY

THE VALUE FOR A LINEAR COMBI NAMON OF

U AND m→ . ÑU ALONG 252
.

THE TYPICAL

INITY-at-a.EE??Bwt#For PDE 'S IS CALLED

-4 FIND
U SATISFYING THE EQUATION , SUCH THAT

U AND ITS DERIVATIVES UP TO ORDER MI
( WITH ME ORDER OF THE PDE ) HAVE CERTAIN INITIAL

VALUES ON A CERTAIN @-1 ) - DIMENSIONAL SURFACE
.

↳ for A PDE in M VARIABLES
.



A GENERAL SOLUTION TO ODE 'S USUALLY DEPENDS

N A NUMBER OF CONSTANTS .

IN PDE 'S
,

THE GENERAL SOLUTION HAS MORE DEGREES

OF FREEDOM : IT MAY DEPEND ON UNFIXED FUNCTIONS
.

LEtuf-RATE-tf-AMPEEAMPE.FI
ND THE GENERAL SOLUTION FOR UH, g)
SOLVING THE PDE : Ux + U = e-

✗

-

BECAUSE Y IS
" FROZEN

"
,

WE CAN SOLVE THIS AS

AN ODE IN ✗ •

IT IS A SEMPLE, LINEAR,INHOMOGENEOUS
ODE . A PARTICULAR SOLUTION IS

Up# I = ✗ e-
×

.

THE HOMOGENEOUS EQUATION IS SOLVED By
E-
✗

.

THE GENERAL SOLUTION IS THEREFORE ;

Ukip ) = Ccy ) e-
✗

+ ✗ e-
✗

THIS ARBITRARY CONSTANT NOW

_iarwayio"!!É%µ↑";!!eʳ°I¥%!#y
USEFUL LATER

.



1st ORDER PDE 's :

THE METHOD OF CHARACTERISTICS

FOR 1st ORDER PDE 'S
,
THERE IS A GENERAL METHOD

TO REDUCE TO THE SOLUTION OF ODE 's !

LET US START BY CONSIDERING A GENERAL

LINEARIS# ORDER PDE

INTWgVARlABLES_
-

✓ WE WILL GENERA USE

TO MORE VARIABLES

LATER

WE ASSUME
WE ARE

IN A

REGION
WITH a(

✗ [ y ) -1-0

fae×!y)u×+bl✗iy)Uy=cMy)ut◦lhy÷
WE WANT TO FIND A CHANGE OF VARIABLES

( ✗ iy ) → (§ , g) TO GO TO THE

CANONICAL FORM : µ
SIMPLE TO SOLVE BECAUSE

N IS
"
FROZENT

|1C},y)U§=Cl}iz)UtDf},z÷g
(WHERE A- ( { , 2) = 91×1} ,q ) , yf } in ) ) ,

CC } ,q)= Cl ✗ Him ) , y in ) ) , etc . . . )



TO FIND THE AP PROPMAN { / M r . NOTICE THAT ;

Ux = { × u
}

+ Mx " 2

My = { y
u
}

+ My Uy .

THE PDE , THEN ,
FROM THE ORIGINAL FORM

,
CAN BE

REWRITTEN AS

.a . ux t b ng
= c u + of

=> u
}

. ( or } . * b } y ) + Uqlarlxtb My)D-= c. u + d

'NGYER-mtp.TT#ECAN0N1cALEorm,wrvrvsng
192×+1-29=0--1

THIS IS ALSO A 1st ORDER LINEAR PDE
,
BUT IT IS

SIMPLER TO Solve .

WE NOTICE THAT IT CAN BE INTERPRETED AS

THE CONDITION

1!=◦ ,
• """

-

y is

A SOLUTION OF : .



|÷=b÷T⇔
THIS DEFINES THE

CURVES YCX ) ,
CALLED

CHARACTERISMCCURVEI.IT/-E
FUNCTION YAY)

SHOULD BE CONSTANT ALONG EACH CHARACTERISTIC

CURVE : THIS MEANS THAT , PRACTICALLY
,
WE CAN

IDENTIFYrylxiyjwlTHTHE-I-TIT.it
÷÷:::::÷÷:÷:::÷:÷⇔ .

THE CHARACTERISTIC CURVES ARE GIVEN BY ;

M ( ✗
, y ) =④~ constant

WE ASSUME WE ARE AROUND A POINT WHERE My ≠ 0

WHICH MEANS DIFFERENT CHARACTERISTIC CURVES DO NOT

upon
" AND WE CAN HAVE A 1 :1 map @ / y )

→ ({ { 2) } = se
.

(1) y
^

"" """° " "" ° °"" """"

2g -40

(2)

# CHARACTERISTIC curves WITH

My =D AT THE MARKED POINTS



SINCE WE ASSUMED a [✗
iy ) ≠ 0 , WE ARE IN

THE FIRST SITUATION ( FIG . (1) ) WITH My ≠ 0 .

THEN WE CAN TAKE COORDINATES :

§ -= a{ N =

M (× , g)5h OBTAINED BY SOLVING FOR

THE CHARACTERISTIC CURVES
,

TH'S CHANGE OF VARIABLE IS LOCALLY 1 : 1

IN FACT THE JACOBIAN
g- = / %÷?y? / = / { × {

Y

% my
/ = 2y≠O

THE PDE BECOMES :

-

or u
≥

+ buy = c u + of

↳
Al } ,m ) u }

= ( ( { ,z )
- u + 0/1%2 )

WHICH CAN BE SOLVED AS IN THE EXAMPLE

ABOVE : IT IS AN ODE IN } ,

AND

INTEGRATION CONSTANTS CAN BE ARBITRARY

FUNCTIONS OF
NL .



EXAMPLE-_• aux - guy + y2u = ya

#y≠o
IN THE NOTATION ABOVE Q (✗

iy ) = 2h

blxiy )= -

y
ccx , g) = - y2
deny ) = y2

LET US FIND Mkay ) SUCH THAT Q Mt t b
My =D

THE CHARACTERISTIC CURVES SOLVE :

dy_ = ? = - Fedx

THIS IS A SEPARABLE ODE WITH SOLUTION :

logy = - toga + C

→ x -

y = K c- const
.

SINCE M(✗ ry ) SHOULD BE CONSTANT ON CHARACTERISTIC

CURVES WE CAN CHOOSE

Ml✗iy)= a -

y

THIS SATISFIES My = K ≠ 0 FOR se ≠ 0 ✓

$



THEN WE CHANGE VAMABLES :

lays → ( {
, g) = ( × , ✗ y )

THE COEFFICIENTS OF THE PDE TRANSFORM

As :

Quay ) = a = }
b( ✗ , y ) = . . _ (WE WON'T NEED IT

,
THIS TERM CANCELS ! )

[ ix. g) =
-

y
'

= - YI .

dlxiy ) = y
'

= Iga .

THE PDE BECOMES :

§ u } = 2¥ . C- u + 1)

THE HOMOGENEOUS EQUATION { ng t 7¥ U = °

IS SEPARABLE :

U}↳

Te
= - }%

NOTICE THE

INTEGRATION

→ u = ( ( y ) e.
¥#" CONSTANT " WHICH

IS FUNCTION of
2 !



WE STILL NEED A PARTICULAR SOL TION OF

THE INHOMOGENEOUS EQUATION

WE NOTICE THAT U = f- IS A SOLUTION OF

} u } + n
'

Iz
( U - 1) = 0

THEREFORE
,

THE GENERAL SOLUTION OF THE

PDE is :

UH , g) = 1- + Ccq )e¥"
NAMELY

,

UHiy)= It [ ( xy ) e
"÷



E✗ERf :

FIND THE GENERAL SOLUTION OF
.

:

* Kux + guy = 2 . U

* aux 1- buy = c u + 01
,
aibiciol

CONSTANTS

WITH a'+621=0


