
WAVE EQUATION
-

LET'S START BY CONSIDERING THE WAVE ER .
IN

ONE SPACE DIMENSION ( PLUS TIME ) :

Utt
-
d Uxx = 0

THIS Ea . DESCRIBES e.g. VIBRATIONS OF A STRING

WHERE ¥#r

U=ᵗm

WE WILL CONSIDER VARIOUS TYPES OF

IVP ( INITIAL VALUE PROBLEMS )

AND BIVP ( BOUNDARY INITIAL VALUE PROBLEMS )

TH.TT#tYPFBNDARYcF-Ng
ARE :

UCO
,
t ) E- 0 (DIRICHLET) F.

END OF STRING

IS FIXED * ,
o•~
T

✗ =D
.

✗ =D

U✗(qt ) =D ( NEUMANN ) ⇒ NO FORCE ON

THE STRING ENDPOINT

AT 2=0



C-ENERALSoON

BECAUSE - i 2×2 ) : ( % - c. 2) (2++02)

WE CAN ALWAYS DECOMPOSE THE SOLUTION OF THE

AD WAVE EQUATION INTO TWO SOLUTIONS OF TRANSPORT

EQUATION WITH SPEED + C AND -[
.

THE GENERAL SOLUTION TO µ
"
_ [ 2×2 )U=O

Is :

unit ) = Fix - et ) + Gcxtct )

TO SOLVE A SPECIFIC PROBLEM ( IVP ◦ BIVP)
WE NEED TO

CAOOSEAPPROPRIATELYFANDG.LK
• D

'
ALEMBERT FORMULA I SOLUTION TO

CAUCHY PROBLEM ON THE INFINITE LINE

• METHOD OF IMAGES TO SOLVE IBN P

WITH HOMOGENEOUS BOUNDARY CONDITIONS

•MoREtRA! FOURIER DECOMPOSENow



I

• HIGHER DIMENSIONS ,

DMBEKT÷
CONSIDER THE I.☆ •

P
,

Htt - E Uxx ,

t 70 , ✗ c- IR

w 't"

{
Ulxio ) = ✗ ( ✗ )

← I. C. INITIAL
CONDITION)

4+1×1-01=41×1

NOTICE THAT ,
SINCE THE PDE IS 2nd ORDER IN

£
,

THE INITIAL CONDITION HAS TO INCLUDE THE

VALUE OF Ut AT t=o
.

WE WILL Savor THE PROBLEM BY SOLVING

F
,
G INCH THAT

UK,t ) = FK - et ) + Gitct )
.



IMROHNG THE I. C. :

F ( x ) 1- G ( ✗ I = @ ( ✗ )

{- c. (F' 1×1 - G' (x ) ) = YH )

INGtEAND :

f- ( x ) - Glx ) = - I [ Ycslds
* ◦

TOGETHER WITH THE FIRST RELATION
,
WE HAVE :

✗

f- 1×1=21141×1 - 1- f. Yes ) Is )

Glx ) = § ( 41×1 + { $41s ) ds )
✗0

FROM U = f- (× - at ) + G (✗+ at ) /
WE FINAUY HAVE :

UK.t)= 1- (41×+4) + ya - ct ) ) THIS is

2
D
'

ALEMBERT 's
✗ + ct

+ Ic f 41st ds FORMULA

✗ - at



D
'
ALEMBERT FORMULA GIVES THE SOLUTION OF THE

I.V. P . ON THE LINE
.

ON THE INITIAL DATA INSIDE A FINITE

""""" ""

DOMAIN OF DEPENDENCE :

i
✗
o
- Cto

✗otcto

SIMILARLY
,

A POINT % ON THE REAL AXIS

CAN ONLY AFFECT THE SOLUTION INSIDE A

CERTAIN DOMAIN OF INFLUENCE ( FINITE FOR

ANT TIME t )ta

-

THAT SIGNALS÷:÷ⁿʳ"( IT WILL BE DIFFERENT
FOR OTHER

EQ 's ! )



Note : it IS EASY TO SEE WHAT

HAPPENS WHEN THE INITIAL

CONDITION HAS V1 =D

THENDIALEMBERTISFORMI-BECOMES-ulx.tk
§ ( Yk+cᵗ )

+ 46 - et )) + 0
.

WHERE ✗ (x ) IS THE INITIAL PROFILE .

1 UH,t=o )

¥
↓ IT SPLITS INTO TWO

IDENTICAL 1PMPULSES

nM" 't )
( with 12 . Amplitude )

TRAVELLING

→ """ "⇔

C IN

OPPOSITE

DIRECTIONS
.



SOLUTION TO INHOMOGENEOUS

WAVE EQUATION ON THE LINE

ut
- e
'

Uxx = flx ,
t )_EXTERNAL

DRIVING FORCE

1. C .

UH , A) = ✗ Cx )

{ 4- ix. 01=41×1
WE CAN SOLVE THE PROBLEM BY DIVIDING IT IN TWO ;

U = 4-1 + U-2 WHERE :

• 41 SOLVES THE HOMOGENEOUS PROBLEM WITH THE

INITIAL DATA
OF THE FULL PROBLEM

③tt - 52.x ) 41--0

411×101=41×1{qu.ix.tl/-=YK1t--0
• Uz SOLVES THE INHOMOGENEOUSPROB.co#

WITH INITIAL DATA = 0 :

Ctt - i2××)Uz= fcx , t )

Tit÷MN421×10 ) = 0
STRATEGY

.

WE will SEE{
uz( × .tl/t=.-- O ' T AGAIN .



• U
,

IS GIVEN BY D
'

ALEMBERT 'S FORMULA

• Uz CAN BE FOUND EXPLICITLY USING THE

CHANGE OF VARIABLES :

c. t ) → ( } , 2) = (✗+ at , ✗ - et )

↳ - EJ? ) = .

•
{ 22

↳ Try } U2 = ai - f (* )

LET US DENOTE THE SOLUTION REWRITTEN As F'N of §,y

As : U( { IN )=u(ICnt{ 1,1=(9-21)2

THE INITIAL CONDITION Uz( ✗ ( O ) = 0

Becomes : U(}=O
WHILE It U

,
/ ✗ it) / = 0

t=O

FURTHER IMPLIES :

4¥ )=2qUl=_O



SOLVING THE PDF

(* ) I 2,2, U
=

f- ( { ig )
ad

WITH
. THESE INITIAL CONDITIONS WE FIND :

{ t

UK,z)= - ai fold JFC -1,5 ) dg
n 7

GOING BACK TO THE ORIGINAL VARIA Blore i

t ✗ +E)

Uncut / = 1 . / def do fcoie )
2C

o

✗ - ¢11T -t )

[
^

OVER THIS

1¥:::↳ |"



INITIAL - BOUNDARY VALUE

PROBLEMS

LET US NOW INTRODUCE BOUNDARIES

i. e. WE ANT TO STUDY THE WAVE EQUATION

ON HALF - LINE
,
OR ON A FINITE INTERVAL

.

• WE FIRST STUDY HOMOGENEOUS BOUNDARY

CONDITIONS

-9 IN THIS CASE WE CAN USE THE

|METH0D0FlMAGE#
-

(OR , METHOD OF REFLECTION )

• AFTER THAT
,
WE WILL STUDY MORE GENERAL

BOUNDARY CONDITIONS
.

IN THIS CASE THE I. B. V. P. CAN BE

SOLVED WITH THE FOURIER METHOD

(OR
"
EIGENFUNCTIONS DECOMPOSITION

METHOD
"

)



BOTH THESE METHODS WILL HAVE IMPORTANT

GENERALISATIONS T⊕ PROBLEMS IN HIGHER

DIMENSIONS , AND WILL BE APPLIED ALSO

FOR THE HEAT EQUATION AND THE

LAPLACE EQUATION .

-
- - - - -

- - -

FIRST WE CONSIDER

HOMOGENEOUSBOUNDARYCONDITIOI.D.FI
A BOUNDARY CONDITION IS ltOn06oNEI

WHEN THE LINEAR COMBINATION OF TWO

FUNCTIONS
SATISFYING THE B. C.

,
WILL ALSO

SATISFY THE SAME B. C.

E✗AdP : DIRICHLET OF THE TYPE

V10,t)= 0

Of THEOR NEUMAN#
TYPE

2×610,1-1=0

Ne:lNSTEAD,B.C.Ul0,t)=KISN0TH0MO6ENEOI
FOR K -40 .



METHOD OF IMAGES
-

LET US CONSIDER A PROBLEM ON THE HALF LINE

(É - C' 2×4414+1=0 ,

✗ > 0
.

I. C. {
4140) = ycx ) ,

× > ◦

4-(1×10) = ✗ ( X )

_AÉÉt2É
AT ✗ =o ( HOMOGENEOUS )

Bc : Uco,t / =D

THEN WE CAN USE THE FOLLOWING TRICK
.

CONSIDER THE 0DDE¥ OF THE SOLUTION

Ulxit ) ,
✗ 70

a. ix. ᵗ1= {,
"
◦
"
our

" odd " - U C-× , t ) , ✗ < 0

image
" !

÷



WE WANT TO SEE lloyd (✗ it / AS A SOLUTION

OF THE WAVE EQUATION ON THE WHOLE LINE
.

ITS INITIAL CONDITIONS ARE :

Uocx / 0 ) = Cfocx ) , ✗ c- IR

II. C.){ 2- 401×1+11 = 401×1 , ✗ c- IR .

t=O
-

_

WHERE THE DD EXTENSIONS OF THE INITIAL DATA

ARE DEFINED AS ABOVE
,

FOR A GENERAL FUNCTION ON Met

fH → f. a) =. {
f⇔ /

× > ◦

- fl - × ) , ✗ < 0

so WE : •• SOLVE THE PROBLEM ON THE INFINITE

LINE (WITH NO BOUNDARIES) WITH THE

INITIAL DATA ( I. C.)

• RESTRICT THE SOLUTION TO ✗ ✗ 0

TO SOLVE THE ORIGINAL PROBLEM

THE FIRST STEP IS DONE WITH THE D
'

ALEMBERT

FORMULA .



IN CONCLUSION ,
WE FIND '

.

No exit / = { (% *+ at) + Yok
- et))

✗ + at

+ % - f Yols ) ds
✗ - ct

RESTRICTING TO ✗ 70
,
WE CAN WRITE THE SOLUTION

ON THE INFINITE LINE AS :

For✗>ct:- ✗+ at

vk.tk { ( 41
" 't / + 44

- et)) + If yes , ds

✗ - et

FoR✗<ct- :
✗ + at

41×11-1=12 / quiet ) - ylct
- ✗ 1) + If 41st ds

Ct - ✗

( WE ASSUME C> 0)



N0 : INDEED WE CAN CHECK THAT U()=0

→ CHEH :

v10,t ) = { (Ñcᵗ - OH
+ I

ids-O-NFG-RE.IE#TR-TETtEAE
WITH V1 = 0, WITH A LOCALISED

INITIAL IMPULSE Cf .

t=o

_,É>

"

\
,

+ = .

!-¥r→
1--2

i¥÷÷E÷→#ᵗ⇔€B°g 1- =3



THE SAME DYNAMICS 1g REPRODUCED

AS FOLLOWS BY THE METHOD of IMAGES

to

_⇔.

\ INAGE FOR

✗ <
0 t=z

vk.IE
⇔→

1- =3

÷
NOW THERE IS t=¢

'
" ° """ " "

"
" "

TJUST TWO IMMA LSES CROSSING

⇒",



DIFF EARNT INTERPRETATIONS
,
GIVING EXACTLY THE SAME

DYNAMICS
'

FOR K >0

-

LET US NOW CONSIDER THE PROBLEM ON THE

HALF LINE WITH NEs ,

PDE : Utt
- i U×× =O

,
* 70

1C : {
41×1+-01 = qcx )

4- Kitt /
+ = .

= ✗ ( x )

Bf.U×'"ᵗY×
IN THIS CASE THE SOLUTION IS FOUND BY TAKING THE

I EVEN
" EXTENSION OF THE SOLUTION

,
FROM THE HALF

↳NEÉFULL LINE

(MAGE

i
- -

41×11-1
,

✗ 70

He ( ✗ it ) = {+ unit ) ,
1

"

e
"
For

" even
' '

CONSIDER THE SAME EXTENSION FOR THE INITIAL DATA :

↓



Ye"H= {
e "" _

× >◦

91--44 , ✗ < ◦
/ feint / = { 4%4

,
× >◦

41-71-1 , ✗ co

NOW,
AS BEFORE ,

WE SOLVE THE PROBLEM ON THE FULL - LINE

WITH THESE INITIAL DATA
, AND RESTRICT TO ✗ > 0 TO

RECOVER UH, t ) .

(1) ' ALEMBERT FORMULA ) :
THE SOLUTION FOR the ( Xpt ) Is :

✗+ at

Hewitt = 12 ( Tec "
't ) + Ye '× - et )) + I

, / lfecs ) ads

✗- ct

THIS MEANS THAT

✗tct

For ✗ > at : air , -11=12 (91×+4)+9
"_ ' t)) +% / Yes )ds

✗-et

✗+ at

for ◦ < ✗
act : uf.tl :{ ( 41" 't / +4kt

- d) + If yes , ds
2C

Ct -✗

et - ✗

+ -2 . / Yes )ds

2C
◦

* EXERCISE
: CHECK THAT THIS SOLUTION AUTOMATICALLY

GUARANTEES U× = 0 AT ✗ = @
.

NOTICE THAT
,
PROVIDED

Cf ( ✗ 1 AND V1 1×1 ARE CONTINUOUS
,

THIS CONDITION HOLDS
,
FOR £ YO

,
EVEN WHEN

AT t=O ME IS VIOLATED
, i. e. WHEN ✗✗ /

✗⇒

≠ ° -



C.ASE0FANERVAL
THE METHOD OF IMAGES ALSO

WEAY-p.gr??-,-HEB1wpoNAN1NTERVI
TO

t#EE

IN THIS CASE WE BUILD A PERIODIC

E OF THE SOLUTION 0AM -ÉRVM

WITH . THE FOLLOWING RULES :

AcIERYÉAW1T
(HOMOGENEOUS) DIRICHLET B. C. ( ii. e. 4=0 )÷:::::::::::::÷

ACROSS EVERY BOUNDARYwitty
,

,,,,,,µaggg#
( i. e
,
U✗=0 )

[[TO BE CONTINUED
. . .IT


