
METHOD OF CHARACTERISTICS

FOR FULLY NONLINEAR 1st

ORDER PDE 'S

CONSIDER A GENERIC NONLINEAR EQUATION

F ( U , Uni ,
a ;) = 0 ,

WHERE F-7-- - in .

( m ≥2 )

FOR GENERIC f- : IR
""

→ IR
,

THE PDE

IS NOT NECESSARILY QUASI - LINEAR .

HOWEVER ONE CAN STIKL APPLY THE METHOD OF

CHARACTERISTICS !

RECALL THAT IN PREVIOUS CASES :

• FOR A LINEAR PDE IN M VARIABLES ,

CHARACTERISTIC CURVES OBEYED A SYSTEM

OF M ODE 's [ THEY WERE INDEPENDENT ON

a)
• FOR A QUASI - LINEAR PDE ,

THE CHARACTERISTICS

OBEY A SYSTEM OF Ntl ODE 's

( FOR Ki ,i=1 , . . ,m , AND It ITSELF )



* IN THE GENERAL NONLINEAR CASE
,

CHARACTERISTIC CURVES OBEY A

SYSTEM OF 2m +1 ODE 'S
.

CODE 'S For :
Ki
,
U

,
AND 2✗iU )

NOTATION : WE WILL CALL U
.✗i
I Pi •

-

THE DERIVATION OF THIS SYSTEM OF ODE 'S

IS SOMEWHAT TECHNICAL ( IT CAN BE FOUND IN

THE BOOK BY STAVROULAKIS & TERSIAN) .

LET US TAKE A SHORTCUT
,
ASSUMING WITHOUT

PROOF PART OF THE RESULT
.

'

WE ASSUME d ki IF
- = -

de api

( f = PARAMETER ALONG THE CHARACTERISTIC

CURVE ) .

Now WE NEED TO FIND dgP÷ AND ÷



WE HAVE :

ᵈʰ = % @ (Elle ) )) =É Eitel 7.incited
in

de
n 2F
=E _ . pi
in 2pi

AND : got pi = d- ( ux; / EYED)
de

= { % uxixj
( Ell ) )

j=^

= [ OI . Uxixj
j=n

• Pj
nnw

THE LATTER EQUATION IS NOT IN A USABLE

FORM YET : WE NEED TO REWRITE IT SO

THAT ONLY U
,
Xi

, pi APPEAR
.

TO DO THAT
,
WE DIFFERENTIATE THE



( Flu ,É , Ñu ) )=0PDE : Zai
h

IF
→ 0=U✗i . _ + In +2 uxix; °¥j

ZU 2✗i in

ww

WE USE THIS IDENTITY TO REWRITE ¥gpi
COMPUTED ABOVE AS I

ᵈP = -

pi
E -

I

dl du 2✗i

IN CONCLUSION
,
THE SYSTEM OF CHARACTERISTICS

ODE 'S FOR THE NONLINEAR PDE IS :

• ᵈ÷e=°I
opi

{ ;÷= - pi : _ ±
Zai

h

%e= Epi :&.



EXAMPLED LET US USE THE METHOD

ABOVE TO SOLVE THE EIKONAL OEQUATION

UE + uj=1 ,
WITH INITIAL CONDITION :

{ u=1 For a't y
'
__ 1

"
CAUCHY CURVE

' ' [ i. e. , THELE-i-PAR.ME#Z-ETtE-
CURVE WHERE THE INITIAL CONDITION IS GIVEN )

AS ( s ) = ( loss , sins ) .

THEN U ( Fcs ) ) = Uo ( S ) = 1 .

[
P--=u×

THE CHARACTERISTIC CURVES OBEY :

py=_ uy )
Fei

= 2 Px

{ "" " = " " "

"""
e.g. sell,s )i

Feu = 2 / pitpy
' )=2 / e : parameter a. ◦ noTHE CHAR .

CURVE

[ Eep -1=0 S : PARAMETRISES

¥, Py = 0 lN'TlALwDlMo#



WITH INITIAL CONDITIONS : '

✗ ( f-0 , s ) = coss ¥oN :

UH ,s)=2l + Uocs )
y / 1=0, s ) = sins

pale,s)= profs )uie=◦is)=""'=p×ll=0, s ) = Pao is ) ✗ His)=2p×,◦ls)l + coss

py ( lugs ) = Pym (s ) yleist-2py.is/l+sims

WE NEED TO COMPUTE pi , ◦ (
s ) ,

i. e.
/ pi

ON THE INITIAL CURVE .

TO DO THAT WE USE THE CONDITION:$ :

h

(1)
d- Uols) = d- U ( Fcs ) )=E 8 :o) . pics )
AS ds i=1

TOGETHER WITH THE PDE ON THE CURVE :

(2) f- ( dols ) , fits ) , pipes ) ) = 0



↳ IN OUR CASE WE GET

d

quds ) =D
= - Pxiols )

sins + Pyro G) coss4)

AND

2 2

(2) P*o " ) + pyo Cs ) = 1

THIS SYSTEM HAS TWO SOLUTIONS :

Pao Is
) = coss

{ pyiocs ) = sins
◦ R

{ px.io
's ) = - coss

Pyiols ) =
- sins

EACH OF THESE CHOICES LEADS TO A

LEGITIMATE SOLUTION TO THE EIKONAL EQ
.

LET US PROCEED TAKING THE FIRST CHOICE
.



so
,

wit " Pao ( s )
= loss

, py , , (5)
= Sims

,

THE CHARACTERISTIC CURVES ARE :

Mll
,
s1 = 21 + 1 [""UUc✗HH,yk

✗ 1451 = (21+1) coss

yllis ) = (21+1) sins

→
WE CAN EASILY ELIMINATE

pxllis ) = coss

l ,S TO FIND :

pyllis / =
sins

Ulxiy )=FF

-

* EXERc I CHECK THAT BY TAKING THE

SECOND CHOICE FOR
px ,o ( s ) , py , off ) /

ONE GETS :

UH , g) = 2- f¥2 .



µ#EÉAEÉ
AS_
NOTICE THAT WE TOOK AN INITIAL CONDITION

µ = const ON THE CURVE ✗
2
+
y
'

= 1
.

THE LEVEL CURVES OF U (✗ , y )
ARE OTHER

CIRCLEC CENTERED AROUND THE ORIGIN

THEY CAN BE

INTERPRETED

AS WAVE FRONTS
- -

-

IN GEOMETRIC

OPTICS
.

ÉHEEKONAEQATONAREINTHEGÉMETRIC
OPTICS APPROXIMATION TO THE THEORY OF LIGHT

( OR OTHER WAVES ) .

IN THIS INTERPRETATION WE LOOK AT A MONOCHROMATIC

WAVE OF FREQUENCY W
,

MOVING THROUGH SPACE @

ASSUMING THE WAVE HAS FORM

Alay ,t)=ei@ᵗ - • ↳ y ) )
/



THE WAVE FRONTS F- POINTS WHERE THE WAVE HAS A

CONSTANT PHASE
,
ARE THE LEVEL CURVES OF

Ulxiy ) .

2

THE WAVE EQUATION t , - É({÷,t§yA =D

,

WHERE C = SPEED OF PROPAGATION
,

GIVES :

[ w' +aé(ui+uj)-
ii. ( uxxtuyy )]=0

THE EIKONAL.AM#imAToNlS/UxxtUyy/KdritUj
THEREFORE IN THIS APPROXIMATION WE NEGLECT

THE LAST TERM AND WE GET THE

EIKO NAL EQ ?

uÉ+Uy=[
_

THIS ALSO HOLDS IF WE ARE IN A MEDIUM

WHERE C IS NOT A CONSTANT BUT DEPENDS

ON THE POINT
,
c → clay ) , IN THIS



CASE WE GET

u? + uy÷%÷y,
ÉEAEÑY /NG

U FOR A CONSTANT .

ÉTE_
WAVE FRONTS ARE FORMED BY (4611--1)- RAYS .

THE RAYS ARE PERPENDICULAR
TO ALL WAVE

FRONTS,

AND MOVE WITH VELOCITY CCX, y )
IN THE MEDIUM

.

WAVE FRONTS ARE OBTAINED AS THE CURVES FORMED BY

WAVE FRONT AFTER TIME £ :
" ""

⇔.net#-..-n- ⇔

THE SAME PHASE K AFTER

TIME £
.

INITIAL
-
- -

-

WAVE FRONT
:

POINTS WHERE WE

r ≤ ""E HERE THE ↳ • µ ,

RAYS ARRIVE AFTER

TIME t
.ASSUME THE WAVE HAS

CONSTANT PHASE K .



THE PHYSICAL INTUITION ABOVE IS ENOUGH

TO DERIVE THE EIKO NAL EQ .

CONSIDER AN INITIAL CURVE (s ) = ( rocs) , you)
WHERE THE WAVE HAS CONSTANT PHASE = K

AT TIME t=O .

Ala .gg
,t)=eÉᵗ - " "" "t )

→ UCcs , )=K

AT TIME £
,

THE WAVE HAS THE SAME PHASE

WHERE Ucx , y ) = wt + K

NOW WE IMPOSE THAT THIS LEVEL CURVE

IS FORMED BY LIGHT - RAYS .

HAVE TRAJECTORY ( S, t )÷E"÷::÷:::::÷÷.

"

SINCE THE RAYS ARE ORTHOGONAL

TO LEVEL CURVES OF µ ( i. e. ,
WAVE FRONTS ) , THEY SATISFY :

• It Élsit / = C. Cries.tl) .
→a / Ekiti )
iÑ



( i. E. , THE TANGENT VECTOR HAS LENGTH C ,
AND

IS ORTHOGONAL TO THE LEVEL CURVES OF U

I
IT IS ✗ To Ñu )

• AFTER TIME £
,
THEY FORM A NEW WAVE FRONT

WITH :

U CÉls .tt) = wt + K

DIFFERENTIATING THIS EQ
.

WE GET :

duties .tl/--w-- (Ñu ) . It
dt

= cciis.tl) -

&→u•Ñu)

É

↳ FROM THIS WE DEDUCE :

Ñu•Ñu = uÉ+uy = In
icky)

( WHICH IS THE EIKO NAL EQUATION)

Andrea Cavaglia
proportional



NOTlCE- : • LIGHT - RAYS TRAVEL ALONG THE

CHARACTERISTICS ( ALTHOUGH THE

" TIME
"

PARAMETER USED HERE IS NOT

THE SAME AS
"

l
"

USED ABOVE
,
BUT

JUST RESCALED )

• THE FREEDOM TO CHOOSE AN INITIAL CONDITION
GIVES US THE FREEDOM TO CHOOSE AN

ARBITRARY CURVE FCS) AS INITIAL

WAVE FRONT

•• WHEN C= CONSTANTS
,

LIGHT RAY

PATHS ARE STRAIGHT LINES
,

BUT IF

Clay ) DEPENDS ON THE POINTS lay ),

IN A MEDIUM WITH REFRACTIVE INDEX

DEPENDING ON THE POINT )
,
THEN THE

PATHS ARE GENERALLY BENT
.



-

f)2nd ORDER PDE 's

we
◦wsÉcy
LINEAR ) 2h01 ORDER PDE 's

.

\

L1NEARca ( 1 D)

alky ) Uxx
1- Zblxiy ) Uxy

+ [Hy ) ayy

+ dlxiyluxtelhyluytfkylu-g.MY)

INHOMOGENEOUS
TERM

( STRICTLY SPEAKING ,
IT 15 LINEAR FOR g=0 ) .

A SLIGHTLY MORE GENERAL CASE IS :

ALMOST LINEAR CAFE :

akiyluxxtzbkiyluxytckytuyytflxiy.u.ua/Uy)-- 0
- .

PRINCIPAL PART (LINEAR ) CAN BE

NONLINEAR



EQUATIONS OF THIS KIND FALL INTO A

CLASSIFICATION DEPENDING ON THEIR PRINCIPAL

PART
,

WHICH DETERMINES TO A LARGE EXTENT

THEIR BEHAVIOUR .

THE DISCRIMINANT IS DEFINED AS :

Slay )=_ [ lay ) - achy ) Cox,y )

IT CAN BE SHOWN THAT
,
FOR ANY NON - SINGULAR CHANGE

OF VARIABLES

4. g) → ( { ,q ) with J= / {× {

91=10% My
THE PDE TRANSFORMS INTO

A- ( { in)u{ { + 21314g ) U
}y

+ ( ( {
/ g) Uqz

+ ¥114149 My )
WHERE THE DISCRIMINANT

=D

Ñl§ .nl -_ B.% .gl - Al} ,q)CKiy )

HAS THE SAME SIGN AS ( aeiy ) .



[PRECISELY ,
WE FIND :

( B
'

- A C) = /b' - • c) - (4%-2×4)
-

= -52>0]
TH-EÉT+E#INVARIANT UNDER CHANGES OF COORDINATES

• NOTICE THAT A GENERIC EQUATION WITH

COEFFICIENTS DEPENDING ON ( ✗ iy )
MAY

HAVE A DIFFERENT SIGN of (✗
iy
) IN

DIFFERENT REGIONS OF THE (✗ iy ) PLANE



BASED ON THE SIGN OF (✗ iy)

( IN A CERTAIN REGION ) WE CALL THE

EQUATION :

•
HYPERBOLIC WHEN (✗ / y ) >

0

• PARABOLIC WHEN ( ✗
iy ) =D

• ELLIPTIC WHEN Achy / < 0

THERE ARE VERY IMPORTANT

REPRESENTATIVESOF THESE THREE Classes
.

* THE✓V1VEEQUAT#

Htt - VʰU✗✗ = 0 (HYPERBOLIC )

a=1 D= b
'
- ac > O

C = - v2



* THE HEAT EQUATION [ PARABOLIC)

Ut - 4 Uxx =0
,
4>0

0=0 D= b
'

- ac = 0

6=0

C= -✗

* THE LAPLACE EQUATION ( ELLIPTIC )

Uxx + Uyy
=D

a=1 A = b
'
- ac < O

C = 1

b=O

-

IN FACT
,
ALMOST - LINEAR EQUATIONS OF HYPERBOLIC

,

PARABOLIC OR ELLIPTIC TYPE CAN BE

BROUGHT TO A FORM CLOSE TO THE

WAVE , HEAT AND LAPLACE EQ 'S
,RESPECTIVELY

.

I



↓

* • if lay ) > 0 AROUND to ,y◦) /
THEN

THERE IS A LOCAL CHANGE OF VARIABLES

( × ,y ) Gig ) Around Cuyo) ,

SUCH THAT THE EQUATION BECOMES :

( ai -25 )u =
F- ( { 1714 "

{ ily )

(FOR SOME FUNCTION F )
.

•
if ( ✗ iy ) =D

AROUND ⇐ , yo ) ,
THERE

IS A LOCAL c. OF COORDINATES BUNGING

THE PDE TO THE FORM :

Uyy = G ( { 191 Ui u{i4y )

• IF [✗ , y )
40
,

THERE IS A LOCAL

C. OF COORDINATES TRANSFORMING THE



PDE INTO :

( aiton )u = H( {iqiaiu ,.az/THePRt-F-EA2EDANNa-
FORMS

" FOR THE EQ .

• NOTICE THAT THE EQ _

CAN BE BROUGHT TO

ONLY ONE OF THE THREE FORMS
,
DEPENDING

ON ITS DISCRIMINANT .

MOREOVER ,
IF THE PDE HAS CONSTANT

COEFFICIENTS AND ONLY TERMS WITH TWO

DERIVATIVES :

a U✗×l✗iy ) tzbuxy lay ) + cuyyltiy ) =D

THEN THERE IS A LINEAR CHANGE

OF COORDINATES :

{ = ✗ ✗ + py WITH 98 - pg -1-0

2--8×+89

Andrea Cavaglia
(in a given coordinate region where the sign is constant)



WHICH TRANSFORMS IT INTO THE WAVE
,

HEAT OR LAPLACE EQUATION
,
RESPECTIVELY

,

DEPENDING ON WHETHER = b
?
- cec

is > 0
,

= 0
,
OR < 0

•

-

Andrea Cavaglia
Thus, in this case it is really just the wave, hear or Laplace equation in disguise.

Andrea Cavaglia
This (together with their physical applications) 
justifies why in the following we concentrate in detail on these 3 important cases.


