
INHOMOGENEOUS BOUNDARY CONDITIONS

( AND INHOMOGENEOUS WAVE EQ .
ON THE INTERNAL)

WHEN WE HAVE INHOMOGENEOUS BOUNDARY

CONDITIONS
,
THEGENERALPR.IN#LE1S

( CALLED
" METHOD OF

THE FOLLOWING :

SHIFTING THE DATA
' ' )

• BREAK THE SOLUTION INTO

Ucx , -1 ) = Ublx / t ) + Woke -1 ) ,

WHERE Ubl✗t KNOWN FUNCTION

SAT-FIB.co#-i-ENt-CASE-*-
:

1F , Ub SHOULD SATISFY THE

WAVE EQ .

ON ITS OWN

↳ THEN yo fat ) SOLVES THE WAVE EQ
.

WITH HOM . BOUNDARY CONDITIONS

AND CAN BE FOUND WITH THE METHODS DISC SSED

BEFORE
.

CALEB : ☒ Ug DOES NOT SOLVE THE WAVE

EQ
,

,
THEN Uo SOLVES THE INHOMOGENEOUS

V. EQ
, , WITH

HOMOGENEOUS B. C. 'S
.



WE WILL SEE HOW TO TREAT THE

MORE COMPLICATED CASE BE LATER
-
-

•

-

CAN BE
THE METHOD FOR CASE A

ILLUSTRATED WITH AN EXAMPLE
.

EXAMPLE :

CHET THE WAVE EQ . WITH THE FOLLOWING

BOUNDARY AND INITIAL CONDITIONS :

◦ ≤ •≤ IT ,

C- 70 .

Htt
- C2 U××

=O

le :{
"" °)=ˢi4É / +2×-1

unit )=

-1^1B. c. { 4+1%44=5--2%1%1
.4×1174=2

{ INHOMOGENEOUS BECAUSE f- 0

IN THIS CASE WE CAN SUBTRACT A LINEAR

FUNCTION
Uylx ,t ) = -1 1- 2X

CLEARLY : (2.12 _ { 2£ )Ub=O
(SOLVES THE WAVE EQ

. )

an, {
" b' ° 't / = - ^ SATISFIES B. C. 's

7- Ubl# it ) / ✗⇒ = 2



THEN ,
DEFINING U (✗ it ) = ablx, t ) + Uplift) ,

WE HAVE THAT How ,t ) SATISFIES :

(2+2 - E 2×2 ) Uo (✗it ) ( WAVE Ea
. )

WITH Homo a .
B. c. {

Holo / f) =D

[DIRICHLET- NEUMANN TYPE) 2×6, ( ✗ it) / = 0
✗=TÑ

AND REDEFINEDINITIALCONDITlof.in

1 , , {
Uol✗iᵗ=◦ ) = 4140) - Ublxio)

= sin (E)

2£ % /✗ it) /
⇐◦

= 7- " '" t )/ -2+46×141 = -25in

t=0
7=0

THE SOLUTION USING FOURIER METHOD Is :

no Hit ) = sin /Es ) • cos# c)

- %ˢimf:✗)sim(It - c)



[ E✗ERCl
: MAKE SURE You AGREE WITH THE

ABOVE SOLUTION ! You SHOULD FIND IT NULTH

THE FOURIER METHOD FOUND IN THE PREVIOUS

LECTURE . IN THIS CASE THE FOURIER

COEFFICIENTS ARE ALREADY OBVIOUS
,

SO YOU DO NOT NEED TO COUMPUTE THE

INTEGRALS DEFINING THE FOURIER COEFFICIENTS
,

BECAUSE THE INITIAL DATA ARE ALREADY

DECOMPOSED IN THE RELEVANT BASES
.]

THEREFORE ,
THE SOLUTION TO THE

ORIGINAL PROBLEM IS :

UH , -4=-1 + zx + sin /E) cos /¥)

- §.sn#).simftc) .
•



WHAT ABOUT THE CASE WHEN WE

CA-t-NE-s-T-FTAEFT.ccn.SE#---a.--
FOR EXAMPLE

,
THIS HAPPENS IN MOST CASES

WHEN WE HAVE TIME- DEPENDENT

BOUNDARY CONDITIONS

FOR INSTANCE
,
CONSIDER :

- Ute
-

E Uxx
= 0 ◦≤ ✗ ≤ L

,
-120 .

Be :{
" '" ᵗ / = 81" :c

. :{
um# 441

UIL , -17
= hit ) 2-61441=44)

t :O

↳ IN THIS CASE
,

WE STILL USE THE TRICK OF

REDEFINING
µ µ, f) = a

,
i,t ) + Uo (✗ it )

' T"

Ublx ,t ) = glt / + ✗ ( hit ) - get ) )
I

CHOSEN IN SUCH A WAY THAT IT SATISFIES B. C
.
's !



NOW WE HAVE THAT :

Uoloit ) = 0 Sy* UOCL , f) = ◦ ✓ " ◦" GENE" S B. c. for µ
,

{
NoHo ) = 41×1 - 810) - { Cheol

- geol )

1C :

2+414*1=41×1 - g' 10) - { (
fico) - glo))

t=o

/
SHIFTED I. C. FOR UO

HOWEVER
,
NOW U

,
SATISFIES THE

INHOMOGENEOUS WAVE EQ .

2+2 Uocxit ) - E 2×2 Uocx,t)= F- (✗ it )

lwii-HFK.li/---g''Ct1-Efh''lt1-g''Ct1#
SO NOW THE PROBLEM IS REDUCED TO

SOLVING THE INHOMOGENEOUS V. EQ .



[WITH 11-0106 .
B

- C . 's ) . THIS IS WHAT WE

TURN TO NEXT
. . . .

SttEÉENE
WAVEEQ.WITHHOMOG.B.CI#

THIS CAN BE DONE WITH A SIMPLE

GENERALISATION
OF THE FOURIER METHOD

_

NOTE THAT
,
WHILE WE ILLUSTRATE IT FOR

THE WAVE EQ
.

,
THIS CAN BE USED ALSO

FOR ATNY LINEAR PDE
,

IN PARTICULAR

FOR THE HIE AT EQUATION WHICH WE STUDY

NEEI.fm?I;.-E?E%EE--nnicitie-#e-
( IT IS ANALOGOUS WITH OTHER B. C.

'
s )

Utt - Eun = Fix
,
-1 )

Bc :( 419£ )= UIL ,t / =O
Ii:{

" (✗ it -_01=41×1
{

74 Kitt / =Yl✗ )

f- 0



WE BREAK THE PROBLEM INTO

Ulxit ) : Uqlx ,t ) + ✓ (✗ it )

7
HOMOGENEOUS

• Uh SOLVES
THE HOMOGENEOUS PROBLEM

(ai - ioi )ua=0

WITH B. C. : { Malet ) = Uncle ,t )
=D

1C : {
"akᵗ=° / = Ya )

7- Macht ) /⇐ ◦
= ✗ ( X )

↳ WE FIND Uq WITH THE STANDARD

FOURIER METHOD

• ✓ (✗ it / SOLVES THE INHOMOG
. PROBLEM

WITH ZERO INITIAL DATA AND B. C.

⇐ - i2× ) ✓ =
Flat )

✓ (× , 01=0 Be . { Ukt1=Ul4t)=Oie :{ 2- vk.tl/--0t--o



to FIND ✓ ( ✗ it / ,
WE ASSUME A DECOMPOSITION

OF THE FORM :

to

VK.tl :[ Sim / Knx ) . Vn ( t )

Kn=nI

[ -

THE X- PART IS CHOSEN

" """" "" °"" "

/
""" " "" " "

IT IS THE SAME AS FOR DEPENDENT

THE HOMOGENEOUS CASE , COEFFICIENTS :

SO ,
FOR e.g. THE NEUMANN - NEUMANN NOW WE NEED

TO FIND THEM
PROBLEM IT WOULD BE A

COSINE - SERRES , etc . . . .

-

DECOMPOSE THE SOURCE TERME f-(✗ it )

USING THE SAME BASIS :

00

Flat )=Esin(
" ×) - E. It )

w=1 [ KNOWN FUNCTIONS

↳
THEN THE PDE GIVES A SYSTEM OF

ODE 's FOR Vmltl !



IN FACT (2.2 - d 2×2 ) V = Flat )

GIVES :

to

Isin /F. ×) - [ vial - il 5h14]=
met

= { sin / "E- × ) - Fnlt )
w=1

↳ IT MUST HOLD TERM BY TERM :

ii. (t ) - i(n [ Vnlt ) = fnlt )

THESE ODE
"

S HAVE INITIAL CONDITION :

Vmlo ) = in /01=0

TO GUARANTEE ✓ ( ✗ , t=O / =2tVl✗ /
t ) / = 0 •

t=0

I.



THIS ODE IS A SECOND ORDER ODE WITH

CONSTANT COEFFICIENTS AND A INHOMOGENEOUS TERM
.

THE HOMOGENEOUS EQUATION ( i.e. , IF WE SET for -70)

HAS SOLUTIONS
cos (Wnt ) AND Sim /Wnt )

,

WITH Wm = C M. .

AS WE SAW EARLIER IN THE COURSE, WE CAN

NOW BUILD A INHOMOGENEOUS SOLUTION USING

THE METHOD OF VARIATION OF CONSTANTS .

THE RESULT HAD AN EXPLICIT FORM IN TERMS

OF THE
TWO HOMO G.

SOLUTIONS .

USING THE FORMULA DEDUCED EARLIER
,

THE GENERAL SOLUTION TO THE ODE For

Vmlt ) is :

Vmctl = an Ws (Wnt ) + bmsin (Wnt )

t
/
count simwnt

/
- !↳";;ˢ- funds ,



WITH ( s ) = /
wswns "wwns / = - Wm

/ wmsinwns - wmcoswms

↳ Vma ) =
am aoswmt + bnsinwnt

t

+ ± . fsinwmls
- t ) Fncslds

0

TO SATISFY THE INITIAL CONDITIONS

Vm IO ) : Ñm(01=0 WE SET : Qm=bn=O

t

↳ Titus Vmlt ) : I fsinwmlt - s ) fmcslds
Um

0

IS THE SOLUTION TO THE PROBLEM

ÉAETETH
EXAMPLES AND DISCUSS THE PHENOMENON OF

RESONANCE .



E✗AM-f
Utt = Uxx

' TH INITIAL CONSITIONS : AND BOUNDARY Cord's :

± , {
4149=0 ult , -1 )=Asinwt

on :{4- Kitt / ⇐ AWI
L

UCO
,
t ) = 0

t:O

-
- - -

-
- - -

- - - -
-

• I TAKE A FUNCTION SATISFYING THE B. C.

THE SIMPLEST WAY IS TAKING A FUNCTION LINEAR

IN K :

def .
A se(✗ it ) : =
I
sinwt

.

THEN I STUDY ✓ = U - N

✓ SATISFIES A INHOMOGENEOUS PDE :

✓tt - ✓
✗ ×

= Utt - Wtc + w⇔= _wʰ¥ siuwt ,



way BC : ✓ It )=✓(ᵗ'ᵗ)=°
[

Director-
AND Ic : {

✓ 1×101=0
DIRICHLET

4- (✗ it) /
+⇒

= 0 -

TO SOLVE THE PROBLEM 1 LOOK FOR :

A

✓Get / = Evmlt ) sin /n × )
n=1

[
TAKES CARE OF B. C. 'S !

WITH INITIAL CON D
"

S :

Vnlol = Into ) = 0
.

T"Ears :

E. He / 2¥14 + init ))H ×) = -w' sinwt

↓



Decomposing : a = £ sin ( "Ex) 01m
,

m=1

✗ c- [°, L]
L

WHERE dn=ʰ§ˢ"m(n)✗d#
WE ARRIVE AT A SYSTEM Of 0 DE 's :

- (E)
2

Vmlt ) + In Ct ) = - w¥ dm •
sinwt

THE SOLUTION WITH BOUNDARY CONDITIONS

Vm ( O ) = in /01=0 Is

t

Vnct ) : _ f. sin (E. ( s - t )) sin wsds

[ wsim(n¥ ) - Lhtsimlwt)
=
-Ai '

µ÷_iw#



THE FULL SOLUTION TO THE PROBLEM IS :

00

UH ,
t ) =

Axsinwt

a-
+ Eˢⁿ(ⁿ)Vmlt )

n=1

in

wist )

WITH Vm ( t ) COMPUTED ABOVE
.

-

( IN THIS PARTICULAR CASE
,
Vmlt ) CONTAINS

A COEFFICIENT

L

dn -

_ [ f. "" (
"

)✗d✗={÷,
1-11

""

.

IN TEKLE EXAM YOU WILL BE REQUIRED ONLY

TO WRITE THE INTEGRAL EXPRESS / @ ~ OF

FOURIER COEFFICIENTS
,
NOT TO .

COMPUTE THE

INTEGRALS
. )



APPLICATION - THE PHENOMENON

OF RESONANCE
-

WHEN WE APPLY AN EXTERNAL FORCE ( i. e. ,

INHOMOGENEOUS TERM ) TO THE WAVE EQUATEON

WITH FREQUENCY W
,

WE CAN PUMP ENERGY

INTO Tlt#ÑtND GENERATE FLUCTUATIONS

WITH AMPLITUDE GROWING QUICKLY WITH

TIME
.gr WHEN THE FREQUENCY OF THE

APPLIED FORCE IS CLOSE TO ONE of

THEFUNDAMENTALFREQUE.ve#OFttESYSTEM.-THIS IS CALLED RESONANCE .

TO SEE HOW THIS CAN HAPPEN •Nsl Ddd :

1- FORCE APPLIED TO A STRING OF THE

FORM :

Ut - E uxx = A single sin / " )

KEEPING Bc :{
" '91-1=412,1-1--0



LET US LOOK AT THE SOLUTION WITH

1C :

{
41×101=0

2- Ulxit ) / = 0
_

t=o

USING EXACTLY THE SAME METHOD AS

ABOVE WE GET :

" kit )= sink ) .

( ( t )
,

( IN THIS CASE THERE IS ONLY ONE WAVE NUMBER
,

M
, IN THE GAME )

t

wit't : ( (f) =¥A ! "" /
"÷ - ( s - t )) -

sinus ds

=±,w; • En ""wᵗ - wsinwnt]
fun -_h )



r

FOR w → wm THE AMPLITUDE

OF THE FLUCTUATIONS WE GET A GROWTH

OF THE AMPLITUDE WITH TIME

THE ASYMPTOTIC EXPRESSION FOR W → win * 5 :

✓
GROWING

CHI ~ _A- [Otcoswnt -
"nwnt⇒

2Wh

THIS IS THE PHENOMENON OF RESONANCE;

A RELATIVELY SMALL APPLIED OSCILLATING

FORCE CAN HAVE ITS EFFECT AMPLIFIED

STRONGLY WHEN W
IS CLOSE TO ONE

OF THE CHARACTERISTIC FREQUENCIES .

•
THIS PHENOMENON IS EXPLOITED BY MUSICIANS
e. g- VIOLIN PLAYERS .

• IT IS THIS MECHANISM THA ALLOWS YOU

TO MAKE A GLASS
"
SING " BY RUBBING A



FINGER ON ITS RIM IN A CIRCULAR

MOTION ( WITH THE RIGHT FREQUENCY ! )

• RESONANCE CAN BE DANGEROUS FOR

SUSPENDED BRIDGES
,

AND IN THE DESIGN

OF BRIDGES ENGINEER TAKE CARE OF

AVOIDING THE RISK OF IT GOING INTO

RESONANCE WITH THE WIND AND EVEN

WITH PEOPLE 'S STEPS .

( e.g. THE MILLENNIUM BRIDGE IN

LONDON HAD TO BE
"

FIXED
"

AFTER

ITS INITIAL OPENING
,

AS IT SHOWED

VERY LARGE LATERAL OSCILLATIONS

WHEN CROSSED BY MANY PEOPLE AT THE

SAME TIME
,

IN AN EFFECT SIMILAR

TO THE RESONANCE WE HAVE DESCRIBE

9.



PROBLEMS WITH INHOMOGENEOUS

BC 's AND
-

INHOMOGENEOUS TERMS

IN THE EQUATION

"" mi

Ute
- d Uxx = Fix ,t )

Uto ,
t ) = Alt ) Ulxio)= 41×1

Ic :{{ unit )=bCᵗ ) 4- UHH/ = 41×1
E- 0

( BC )

TO SOLVE IT WE BREAK IT INTO PIECES

AS FOLLOWS I.

u = W + ✓

↳
w= act ) + blt / ±



↳ THEN i ✓ SOLVES :

Vet
- d ✓

✗ ×
= flat ) - a'

'
Ct ) + db"lt){
-
I quit )

WITH Bc : v10
, f) = VIL ,t)=o

vlx , 0 ) = Cfa ) - and - b ×
AND 1C :

{VK.tt/t=o=YK ) - a' 10) - b¥×
-

NOW BREAK IT ONCE MORE INTO

✓ = V1 + V2

WITH V1 SOLVING THE HOMO 6 . EQ .

WITH THE FULL I - C.
.



tt
- i 2×-1 ) v1 = 0

41401=91×1 - 9101 -6¥ ×

= 0

{ & " / ⇐ ◦
= Yin

- % , _
,

+ /
"""% "

-

AND V2 SOLVING THE INHOMOGENEOUS

PROBLEM :

free - d Zu ) v2 = g kit )

WITH ✓ ( ✗ , 01--0=2 V2 /
+= ,

= 0 ( IC)
2

Yo , t )
= ¥4T ) = 0 CBC

-


