Useful equations

These equations, if relevant for the test, will be distributed during the written exam.

Orthogonality properties for trigonometric functions: for m,n € N:
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Orthogonality for Bessel functions:
/ dx x T (fom,i®) Jm(pim ) o< 045, (0.4)
/ dz x Jom(Vmix) Jm(Vmjx) o< &5 , (0.5)
where fiy, i, @ = 1,...,00 are zeros of the Bessel function Jy,: Jy(ttm,i) = 0, and vy, @ =
1,...,00 are zeros of its first derivative: J,(vp,.;) = 0.
Bessel differential equation:
2%y (x) + xy/ (2) + (2 — o®)y(z) = 0. (0.6)

For a > 0, the solution with y(x) ~ z% at © ~ 0 is y(z) = J,(z) (Bessel function of the first
kind).

Spherical Bessel differential equation:
22y (x) + 22y (z) + (2? — £(£ + 1)) y(z) = 0. (0.7)

For ¢ > 0, the solution with y(z) ~ z* at z ~ 0 is y(z) = js(z =/ J£+

Orthogonality for spherical harmonics, and their definition:
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Their definition is: Y;"(6, ¢) = eim‘ﬁPtJml(cos 0) (Im| < ¢, m € Z,¢ € N), with
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2D Laplace operator in polar coordinates
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3D Laplace operator in polar coordinates
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where ¥ = (z,y,2) = (rcos¢sinf, rsin¢sinf, r cosf), and the angular part is:
2
Ag = 02 + cot(0)p + —2 (0.11)
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The action of the angular part on spherical harmonics is: AgoY,™(0,¢) = —€({+1)Y;"(6,¢).
Canonical form of P-symbol The “canonical form” of the Papperitz Riemann equation is
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and one of the solutions of this canonical ODE is:
y(x) =2 Fi(a,b;c;x) (0.13)

All other solutions can be found via transformations.

Wronskian formula for inhomogeneous solution of 2nd order linear ODE If y, yo
are two independent solutions of the linear homogeneous ODE:

y"+ P(2)y + Q(x)y =0, (0.14)
then .
Yo (7) = / H(x, t)r(t)dt, (0.15)
with
‘ yi(t)  y2(t) ’
H(z,t) = yl(xv)v (gz(x) . W) z‘ zigg zzg; , (0.16)
satisfies
Yinh + P(2)yin + Q(@)yinn = (). (0.17)



