REGULAR & SINGULAR
Po|nNTCS

WE wItL CoNSINE R (N DNETAIL
LNEAR  oObt' ¢ SucH AQ

kj”(z) $ P 7'&) + ?(2)7/[&)t0

WHERE f(%) AN D 9}(%) A g

ANA U T ¢ FuNCT(O N ¢ (APA AT

Foll 150LATED SINGULA /{,—[—1@)

W Faty case THE SOLVT(oN /g[\zt)_‘

Wil  ALSLO RE ANAL/‘(T\Q/ EXcePT

Fol PocfilLeE SINGUILAB T 5] AT
THE CAhE Po(NTC W WE P prz)

o (1(}) ARE  SWGEULAA ,



N THIY BiscveshonN 1T IS5 MORE <wNVENIgNT To0

CONSIDE & A COMPLEX vAR| ABLE Zz ¢ C FoR THr
obe. (we AN AlwAaYs  eesTeier TO  THE

LEAL CASE (F NEEDBED),
LET VS  OONSIDEA  THE BEHAVIOUA OF THE gewr

faL  SoLUTION  AROUND A PoNT zZo. wr CAN
HavE wRARee€E SIVWATlI N £,

,D RE GUL A ~ po( M T 1

\F r(z) AN D jcz) ARE  AMALNTI C VN Z=Zo.
THEN  THEY HAVA A eNVERGENT  TAY LoR  ExPawcig,
by 3
CZ = z-2 ” 2 - _
F ) =0 F” C 0) s j ( ) Z 7'\» (= z"CD‘)M.
M=0

THEN Wt caN  ALSo WeLITE THE GENE tA L

SoLumi o AS A TAY O o sTRlEg

loay M
Yy = 2L c, 2oz,

THe weFcicievw Cad BE  FouNd T PLUé’é/,\é

THE exPaygroa)  INTO THE EQuAaT|od,

THE RADIUC OF MWVEREsNCE ©oF THE
T&AYLO &= CERIES o Q. fjcz) € DICTA TED BY

THE CLOSEST <SWGULA QI TY oF peer ox g(2),



REGULAA  Pa(NTS AT Po(NTS  WHEAE wo CAN
CIVE \NITI AL LANDITIONS Fol AN INITIAL valUe
PlopLen. THEY Ade “UMPLY ReFLECTEYN N

-+ = — _ (

THe STRIES, (N  FAcT y(zb) = Co , jCBO);C,{.

— _— =~ = _ -—_—

—_ —

PoNTS  WHERE  EiTHgA pez) o (7(2)
HAVE A SINOULARUTY ARE cALped SINGULA A

Po\NTS N THIS cASE (N @gsAgRAL W Cher

CVE  IWITT AL bl TTouL AT THENE PP IVTS  por
«WE AN STILL FAD 4 BAs(

OF LV TIgY
AROUND THEM £

W E cadn PASTIN) 6VISH TWo Ty PCS oF sing
POINTS IN  eVA CLACST FIcATION ,

2) \‘{lgsuu\/\]l QNGCULAR  PolNVT
(oA "FUCHSIAN”  CWGULAR  poiwT )

Zo IS A FUCHSIAA  SINGULA Ty  WHEN:

\;(%) HAS AT MOCT A4 c(NgGLe PoLE AT 2 =32,

AND 913) has AT HMOCT A BouBLE PoLp  ar 22

(WE WILL CE€ LATE A How THIL COND| Tlon/ I

MOBIFIED WHEN Zo T 00 L here 2o IC Fivite ),




IN TS case, A BAsi & oF foLum oN (

CAN e Foun D W  THeE

j“(ﬂ
jz,(z)

]:O(LM 4

o

g
(2-20) D, Cam (% -2)"

m=o
< M
(2~ 2o )% S5 oln (2 = 20)
C"—' 1n‘).—o"ﬂgv‘(jﬁle. 602/- *Q/qu)
(We Bdllevss THE LOG  SVBTLETY LATER ).
QUCH EXPANS(ONGS ARE CCONVERGEANT

1\

W]

(W] T+
LADIUS BICTATED BY TIHH BISTANC ¢

NMEXT SINGULARITY  OF

T THT
{)(%) A D 7(%) >

FEOVND bY  fLVGG(VN 6 Thy E-XE)AA/_QQ
W THE OPE , AS  wt wWIlL Bo !

THEY caN BE

SHopTLY,

THE GENE AL sorvT oA g A LNEA R

CoMBINATION ©OF
j” AN D gz .
m
S\bE
NoTE N GENE AL (:Po&

§-0 9 € 2z )
y4 A D Y, HAVE A BRANCH PaINT

AT 2 = %o . wWE wlitt PDlccy es Ho Ag

PolnTS AT THE €eND oRr

B R4n e
THE covase, They

ARE  {oINTS  sved THAT  $02)  cANNOT



BE TaAkEN Teo BE& gINGLE- VALUED 1N
ANY NEICuBoJAHOOD ©F The Po\wT 2:=3Bo,

k  USING  RADIAL  woADI MATES #. R &
CoVINCE YoUASELF THAT THE FuNcTio AJ
Fez) = z = WITH o & Z ¢ NOT sinege

VALveEDd IN A NEIEUBOUAHDOD ©F Z=o0.

WHAT  HR&PPENS S THAT botnte ARoUND

20 wl ARE Fopcegb To INT RobdbvV CE A

fr

DlScoNTlA’UlTY ALorne A S BRANCH  cuT

DO THE SAME EXEQC s¢ Fo THE FuacTon
fir) = Qog/ (z2) ., SHoW THAT IT HaAS A BRANCH
PoINT (W 20O WHAT 1S THE Varve o Thg

DlScoNTI NUITY ¢



—

FYRCEIVES cLasst FicATI o/ WE  FiNg LLY HAvE
THE 30‘ PolsiBILITY -

3) CIRREGULA KT SINGULAA  POINT

Zo 18 AV \RATG6. SWNGULARITY oF THE ODbE

'F F(z) HAS A SINGULAAITY Worse THaN 4
SiNGLE PoLe ATV 2 =%,

oOR s,(];) Hag A SIVEVLAMITY Wolkse Tuan A

DOUBLE PoLE AT 25%o .

IN  THIS  CASE AT LEAST ONE OF THE INDEPEN

DENT SoLUTIoNS oF THe EquATionN WL  HAVE
A WOoASE BEHAVIiou A ALV D &=2Zo THAN
e ONE  sgen~N So FAR.

TyPicAwy THIS HEAN S T WL KA VE
AN (INRINITE LAvREN T CEAIES

7Y
gea) = 3 co Gwdt e wnre
mz — X)

MANY  NEGATIVE PoweAS, EVEN IR

IS EXPANSIoN  EXISTS | |T 1€ IN GENERAL



(Nposs\gle To FIMD 1T RECURSIVELLY BY
pLuget NG IT (INTo  THE EQUATIGN.

SONETINES (T 1§ STILL PoSStBLg To  Fwd AN
ASY hPTOTIC € X PANS o N FoR ycg) ALoyND
Zo.

-\x/E GAVE Twese DER(NtTIodd Fo R A 2md eRDER
LUNeAh ODE.

THEY GENERALI ZTE TO THE oA De R M, CACc -
™ o) 'c?:
y G+ A, (z) 9 @)t e ) yE)

+ 6, (2) y(z)zo

(N THIS CcASE 2o I ReeultAk | = A, (2), ...
A& (R) Aas

M-

AdAalIT ¢ NV 2320,

T 1S A FUCRSIAN  SWeultARITY IF

A (B) HAS AT POLT 4 PoLE oOF pRPER
/Y],-K (n 2= Zo.

4. e lz) CAN HAVE AN  ORDER m PoLp .



OTHE RWISE , 25 IS AN (RRE 6V Lar 94/\)6UM£/ZT14

L/
% EXEFACISE

Cor S| DTA jl(’d + X Zm ‘9 (,)C/) = O

Wufrs X IS A PALAMETEA AvD M E Z .

soLve THE ODE  expudrLy AND  STUOY  THY  BEHavioud
AROUND 20 =0  cSHECKING THAT IT HAS Tug
ExPECTED PpofSRTIES WwHETAN 22 IS A RS 6vLA

PoiNT, FUCH 14N giNGUuLAATY 0@  IRR§EVI4A
UN GULA T,

L



EXAMPLE @ ExPANS|ON AlouNd REGULAR PolNT,

AIRY EQUATION : jll[x) - X 4= 0

THI BQUATION  APPEARS 1N Twg STUDY oF DIFFpact on
oF L 6T v THE RAINBOW, AND N THE w.K. B.

METHOD To SotVE  CCRRODINGEA EQ. N QUANTUA

MeECHanNicl,

co s A REGULAS ReT,

o)
WE LOOK  FoRr SoLYTioa) j:Z c, =

@\T\-« THE Wi Tiar  conpTION Y00)= V[ y'(O): Y4/

THeEN Co = \I/o , Y >

m=90
[ZN) M+,r
XY = 2 C, X
Mm=9Q
twg ODE BecomEs (REMAMING NBICES ) -
) K X K
Z(K”')(K'M) CK-'-Z x - ZCK-’! o =0
K“LOW K;J’\/ﬁ/——/

yr( Xy



Wg NEED To Solve sTPALATELY Fo& ALL Poweeg

OF X. Twe Powech 2° IS PacsepnT ooy (N

Tt FAST _wM/uo\m cotFRILIEAT Z2x C_ |

—_— \

tHELL FOAE W€ FIND } C, = OJ ]

3
FoM  THE PowiARS X ot k>4, wE FNb

_ Ck-1
C’K+2 J K>/"
Quz) (K+4)
0 EQUNVALEwTLY ¢
o C
Ch-\-3 = - (mbo)
@4—3) (m+2)

APPLYIN G Twis eELATION  RECWRSIvELY FAA Csn

w¢ FIND:
Co
C =

3-m

S‘l‘t, o.p -3
s+ep oF =3 f

Co
sz.)[f'. (2m-2) (i

-—
—



Add v THE SAME WAY

Ca

Guwetl (3w

€ 0

A+ 2wm

AND C

2+ 3Im

()

(3m+1)”’, (3wsa)ll! L
Recaved
Cc, =
NOTATI ON
Above (K)’” neanvs YTHE  RacTosuAL 1w Sy
oF 37
kU= K- (k-3) (k-e) ...
KJ"HP( AT 4f2/bﬂ_?
saceaaly s k- (k-2)  (k-4) oo

&S'fo/); s\f a{ ot 2~

NoTIcE  TRAT - THIS 1S MFREACNT Fpon

(k!)!
TR e




N ow we HAVE  FouND  THE GENE RIC CoERFICItme

Co Wt HKAVE THE FVLL sozurion | -
NoTlce THAT THE ODE PoES WoT HAVE  OTHEZ
SINGULARITIES o R FNITE X. T8 MeAN L

THAT The TAYLOR SERIES WE HAVE Founvd

WilL ConN VERGe EVERYYHERE WV T HE CoMriex

PLANE,
LET vt Chow  THAT THIQ SovTio M CAN BT

IDE/\”'_I ElED JITH A QOHBINATION oF

Fg\ Funv cTION 3,
P

CONNENT ! WHEN wE HAVE 4 Pow bt R STRIES W4 TRC
—~—~——
THE RaTio OF SV cCc€sSS(VE COEFFIci gNT L i<
A RATIoNAL  FUNCTION, e cHouLd  Acvay

TAY T0O ReEwW Pty IT roJ TRARAMNS o F

GENE AL SED NYPER Geo METRI ¢ FuNCTToNMC .
THEIR DT Fi) Tlod 8 SO ° GENT RAL THAT

THEY CcAN Acco MMODATE SYcH CACES



C C
C bt \——4\ C?lo—' = i
A4 I m /
(A+3~ )1 (za)iad G (3m )l

we WANT To REweTeE TH S vV TERML Y~
THE (X ), oePRICieNTs  APPEAMI AlG (N

THE BTRINITION oF

PFﬁgo(,,,v-o(P} [&,, /37 }X)

o (oa)e =77 (xp)ie > K

el (fa)e (g e

IN
n
o

wWHERE C(x)K = X - (A+a ) ... (o(+?<~q>

—

K terews

IN VA CASE W€  SEE  THAT :

tﬁm)l“. = (3m) (3w=-3)-—--- 6 -3
\_/W
m Terms



So THIS EuaclLS

C_%'Yn)”/ z 5m- m- (m-14)-...2.4

=3 - m]

sS(mita Ly - m  Teanmsg

—
QBW) +4).'_l[ = @M+4)-(3m~2)--~(5+4—) (3 +4)

= 3", (m-r%).ﬁm-%)-_-_ ('3.“%) Cﬂ;)
m

g 'hm«;
w
- 4
= 2 (%),
AN D ALCO m J“/MS
(Blm—/().'”, = (3‘”“4> (3""*4—3) -...[;_*3)_1

= 3"", (3—13)-(3/%?—3)... (,,+§3_)' ng_)

=37 (%),


Andrea Cavaglia


c. 3
Csm = °
2
ml (%)
B C" 3—2'”\
3me4 T
m! (%)

C

3+ =0

™E SpuVTlon/ IS

K [usw 6 EXPRESCIonN

Y
E X

(JC); Cuw ARBOVE ~cueck ‘Tr)
=2 '

(

m

o0 3
= Co Z <’%) ‘ ’
m= 0 m | (%)m N
A) 363>M 4
"1—64' x MZ:,:; (5 m (%)m

Ajg HAVE TH¢ ~oeaM o f

GEN, HYPeRr 6EOM, EXPAYS100L /



3
. 2 . X
= oy (55 ’3>

F =
Faxhliy )y

So we FounNDd A VEARY EXPLICT  SotvTion/
v Terns oF 2 PALANETERL  Co Ty,

WH"CH ét\’CODe THE tN\ﬁA—L Q@(\/‘b’—l—(o/\) /4_7-.
2 =Q,

\@ WHY 18 (T USERU L T0 LEWAITE

\N  Te®MS oF ,,F, ?

—

BECAVCSE 4 LoT 18 KNowWN  ARouT THEIE RuneTien),

w € CAN 2

@ - TAKE Mﬁ“\@wmh'u\ 2N I%o\ao/e
(@Q Wof/pn,&,m A@p%)

avd PLoT THE SorV T10O4)

@. GET OREDIATE  AesutTl Fod  (ONPLICATE

™ < o
LM TC ,e..z,. THE BEHAVIODU R AT

< > o0



N THIS CASE  THE BEHAVIOVA AT 22 = o9

wWoulD BE VEAY BIFF LT TO  STUDY

cTaeTIN G FRoM THE ODE ( we wre Cfe
THAT Foll THt AIRY EQUATISN X = oo (<

AN (RAE 6uLA R StNguvLa &1—\—‘()
RUT SWCE THESE Fuwerl oS ARy wWoll- Kyow A/
WE cAN FIND THE BEHAVIOVR 40,y  oN THe

Digitar L seary S MA—ﬁ4(/141—rc4L F""’Cﬁozt/_sx

0 OTHER ReECouR s (e.-;/, WOLFK/\ M
Foun C’l‘log\/ﬁ SITE>

WhAT we Fwd g THE FolLowl WG,

(T 8 JSE FUL (O WNTRODUVLE TWO LNEA R
ComB(NATIoN S ©F ouR  HYPERGEongsTRIC

Fuv CTto NV S

3
4 ) YAGA
A x) /V;rv(a T
R S L
B4 (x) o = XOE(;%;’Q)
e %) J

CRELL ¢ 1EMTSE



THECSE Fund Tl oV § HAVE A  Riew  RENAVioug
AS X —> 00 |

Fok 1V STAvCE oV THE L5 AL AX(S:

Ait) o~ & (j:%f/z

Railx) et

- Fed X — +o0

V= X

A

Avs Av(-x) ~

o e lr-x)
(& X%

134 (rX> -~ A } (_ KMCS- 14:_ )
[~ <

Foa_ z—>—oo>

(;,e_ THEY oscitiaTe

SychH ALYMPTOTIC RBEHAVIioys canN BE Foua/ D
VERSIOF  OF THEe SADDLE~ Po(nNT METHON
CTARTING FROM AN (NTEG payL
oF A4W) and Ra(x)

/
REPRE EN TAT o)

Tte USe RuL VeSSt oF SPeC 4 FoNVCTIoON <



1S THAT wWe CANV JVCT Take THes e

RESVLTS ANDdD UST  THEM %Y APPucATlomg)

-

COMMENT < . NoTlee THAT Tt SotuTesp

To ARy obg QSCILLATE AROUND  IVFIwi Ty

THIL MEANS  THAT |WRINITY 1S AN ESSENTI4,
SINCULARITY Fo The SoLv Mon/ |

WE orbL  SEE (W FAaCT THAT X=o9 18 AN

|RREGULA R  SIN GULARNTY ;oo THIS ©ONE




IS

AT
A ArGULAA SN GULA R
N O

p(z) = ?4 i
2ope £ e
oF swere

N ) i PorL €
9 : 27 2 -
Mm=0 "
w1 TH é z Z 70: B
. OF DouB g
loolc Foa, ser. oF TH -
E [Fo :
j(%) = € WKM.
5 et
yEd  THE ODE B
3“ + pc2) !
| PUAES! P j +?“)y )
AN
{+K-2
£ g [ e
o (f+K)
'\—79]@(

Z
- ’Ie f ) 7 i
«-e e
¢ [ ()



LEAoiN G op DTN O(g‘"‘) 61VES 2
SJ(§~4) + Pof *t9.=0

INDIClA L EQUATION .

T s A QUAD RATIC EQUATIO N EX\vE TwO

SowTlo NS 1, fz.»
BY NVENTI 0N WE ofDER THEM  SUCH  THAT

Re, (S,, ) >~/ RQ (fz> . Foe oV& SoLvTO N weE

CHo
oCE ONGIK"' oa_ SL.

THE  FolLow\PG  0&DETAS eIve - (K=t 2, --.. )
Ck 'Z@*K) (f+k-1) + pe (gek) + 70]

&
+ % [ FQ (_S"I-K—Q) C’IC-C + 76 CK—C] =0

7

LECURSEVE EQUAT oo/ FIXING C . (¥ Teang oF

Car Wi Ke g

K(

CAM BE VIED opDdTR  BY DADTR. YO Faus A C[_c



(N TS WAY |F 54 \fz ¢ 7: , we CAn

conl$ TeutT  Twe (NDEPEa) penT CovTionN £ ;

&j,'(z) - (z——%o)& ﬁ C (%-%)K

K=

WiTH  CoEFR' S FIXED As  EXPLa) vED ;‘reovs"/

AN D (ChooS NG  THE OTHCA RooT OF THE (NDICIAL
Ecw»mo/u);
N
k<
~
fa C (%’Zo) wITH
- - [ /

orieh  <0€FpaGNTS . eNSTRUCTED LMY TUS
SANE AT

GENE RAL soLUuTl on LNTA R CoH b (N AT o/
oF j" AN D 72-‘

(&

SUBTLETY I whew P, = ¢, + m  melN;
/_/‘

THEN WE caN AN STRUCT THe SotUvTioN

YA
AS EXPLAINED ABOVE, BUT THE HMETHOD  BApAg

DowN | F WE TR To RUILD }ﬂl (N THE  SANE
wWAY . THS 1S BECAU CE AT OADE p_ O(gf—ut«?

we kAVE THT CQUATI OV ;)



a/m . Ef:."'m )(gz{' V"‘"‘) +Po (j?_‘f"h) 4—?0]
<+ ;1[ ConBivA T (o) oF C,K_{ ]:O

~/
THS DoES NOT 1 X C. BECAV £€  THE FIR(T
a
BRACKET IS  Now =0 DJE To THE FACT ThaT
§L+ m ;54 , AVD THE EXPRESSIOo MV W/

THE Beack €T K4 Twe Fean o0F  THE INblaaL

£ QUATION] .

(N TulS cagg W€ SHoUuLDd LOoK e’ A STCoAD

INDE PENDENT QoLVTioM oF THE ForHM :

Yel2) = Qp;(z~zo)-j,,(z)

+ (= /zofl. i dn - (2-2,)"

TRE SAMg WolLKS AZSO W HEN f,,: [
we sroUuld  LodK  FoA fj" N THE STAM NAALD

FOrM  AND  Foa g& W THE  FoAn



THE CASE .§4 «jz c ni W Have

DEScaIiBl b 18 SoMeTIMES CALLE D TH \‘P\ES’B/VA”}

CACE

-j(— ORSERVATION I we HAVE sceN NV TH g
’—/—/J

PRagviov & LECTURE THAT od€E CAN  ALgO

2.e coNST pUCT THE SECOND SotvuTio N Faom

THE FI&ST USING THg  Fo/kHULA
2

t
- [ps) do
f € . db

0 j4L(f)

\jL(EBC fj,l('é)

(Twig  cAne FROM THE \VAMATIoN  oF CoN AT ANT ¢
METHO D )

ONE CAN SEE  From THIR §XPRESS|on/ THAT
THE «Q;o} (z - =) Term (& WNEepep .

# EXERCIST L VERIFY (T.

fvT o UsStT THE FAcT THAT,  WHEN

————

Pa =+ m . THEN

Po =t = T ZP4 —m .



IPOWT AT INEINITY

TO  UNDERLSTAND THE BEHAVI0UR AT = =00
oNg CAN CHANGE  VARIALLE (N THE ©ODbE :

Z: %‘L , AWNVD ¢TubdY 1T AT 7{"\/0.

DolnN g THIL cCHAnEE OF \/AR.IABLGQ/

L

d d
— + F(‘Z ) 7 + () e
dz" Jdz ﬂ 7 y

BeEcoMES
4 4w 2
T o— 1 ”Z'(ZOZ' FC?))}” +7/§Z)-u:o
«Jaf 1
For M(ﬁ)iy(%z> |

So =0 IS e
i - @ REeuLAK £ P{%)N ,>_,,z + O(?[z)

96G) ~ O(%*)

m->0



o Fuchiiaw  SINguULARITY
= JPE) ~ Oly)

1) ~ O(7*) 120

AVD  oTHEAWISE T s AN (RAE GUUUA  SINGULAR
PolrT.

GolN 6  BACK TO  THE  0RIB8INAL VARIARL

A
Z,\/@ (s :

0 RECULAA PoINT F P(Z) N;?%_ +Q/§L>

o ofL

Foe zZ 30



® FUcHLI4 N SNgulAd RITY
4
1= - pee) ~ O(g)

gi2) ~ of%)
2 —> X

AND oTHEAWISE T IS  Ad  jRee guea &
SiNVeULALTY

%exmusf VELIFY  THAT 2=op g

AN TRRET6uLA R SI\NGULA R PUNMT

Fok THE AIRY £ouaTion,



