
INTRODUCTION TO PERTURBATIVE

METHODS

WE HAVE SEEN SO FAR THAT THERE ARE

MANY TOOLS TO SOLVE LINEAR ODE 'S ANAM __

TICALLY ( EVEN WITH INHOMOGENEOUS TERMS≥
ESPECIALLY WHEN THE COEFFICIENTS IN

THE ODE ARE ANALYTIC FUNCTIONS .
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THE PERTURBATION THEORY APPROACH IS

TO INTRODUCE A PARAMETER EE SUCH

THAT :

• E =L IS THE COMPLICATED ODE WE

WANT TO SOLVE

• THE ODE BECOMES SIMPLE WHEN { =D

( WE WILL DISCUSS THE CASE WHEN

THE ODE AT E=O IS LINÉAR )

WE THEN TRY TO BUILD THE SOLUTION

AS A SERIES IN E AND ( IDEALLY )

TO RESUM IT GOING TO E =L
.

IN THE EXAMPLES ABOVE
,

WE CAN STUDY :

y
"
t y + E ;?÷=o

→
"NEAR

AT { → 0 .

Y
"
t ( x't { 1×1 ) y = 0 →

LINEAR AND

ANALYTIC

AT E -70 .



WHAT HAPPENS IN GENERAL ?
-

SUPPOSE WE INTRODUCE & SUCH THAT THE

ODE IS :

[ [ y ] = E - r [ y ]

WHERE L [ y ] IS A LINEAR DIFFERENTIAL

OPERATOR
, AND re [y ] IS A REMAINDER

.

(
e. g. IN THE FIRST EXAMPLE ABOVE

,

L[y]=y
"
+ y ,

r[ y]=?
THEN WE LOOK FOR A SOLUTION OF

THE FORM
•

yet )= [ Em ymcx )
r=O

THE LEADING ORDER SOLVES

[ [ yo ] = 0 ,
SIMPLE TO

SOLVE
.



WE ASSUME WE FOUND Yo SOLVING

THE ⑥DE ABOVE
,

WITH INITIAL

OR BOUNDARY CONDITIONS AS APPROPRIATE
.
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LET US NOW STUDY THE NEXT ORDERS
.

WE HAVE ( BT LINEARITY ) :

[ [ y ]
= & E

"

L [ ym ] ,
n =D

AND THE REMAINDER E- Me [ y ] EXPANDS

AS

Er[ y ] :{ r[ yo
_

+ Eth - n' [ yo ]

+ ¥3 # n'
'

[yo ]+2yz - r'[y
t -

n -
'

WHERE WE ASSUMED THAT k[ Yo ] IS

REGULAR .



NOTICE THAT THE TERM OCE
"

) IN

E- r[ y ] DEPENDS ONLY on

Yo , Ya i. .
'

/ Yn -1 BINI yn .

-

WE CAN WRITE :

E. r[ y ] = [ Em Rlyo , - - - sym - s )
m=O

AT ORDER ① ( E
"

) /
THE ODE BECOMES

[ [ yn ] = Rlyo , _ . _ . ,yn→)
WHICH IS ÑtESAME- LINEAR ODE

,
WITH

INHOMOGENEOUS TERM DETERMINED BY PREVIOUS

PERTURBATIVE ORDERS
.



FOR EXAMPLE :

-

AT ORDER (E) WE HAVE :

L[ ye ] = r[ go ]

FROM WHICH WE CAN SOLVE FOR Yy ,
THEN WE GO TO THE NEXT ORDER AND

COMPUTE Yz , AND SO ON
. . . .

#
"

=.

y' 105-1
ORDER 0( E) ;

yo
"
=D WITH 90101=1 , y'◦ 101=1g,w,,,n,y.,,g=1y÷



ORDER OCE ) :

|y;=-é✗y◦=-é×u+
HERE NOW : 91101--0

yico)=O
-

[ so THAT got
--1

, y
' -9=1

For y = yo + Eye
+ Old)

THE SOLUTION IS SIMPLE ,

✗

ya
'
ex ) : _ fétcnttldt ,

warrior

0

WE FIXED THE LOWER INTEGRATION LIMIT

so THAT

y
'

,
10 ) =D _

INTEGRATING ONCE MORE ;

✗ t

Yik ) = - fdtfds cats )éˢ ,
0 0



WHEW yelol =O ✓
.

ENEÉR

[ [ yn ] = -
e-

✗

Yn -six ) WITH

INITIAL

CONDITIONS

9*61=91001--0
FOR M 21 .

THE GENERAL SOLUTION IS

✗ t
, t ,

ᵗ" "
- ten
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O O O
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2. M INTEGRATIONS

IN THIS PARTICULAR CASE
,
IT CAN BE

SHOWN THAT THE PERTURBATIVE SERIES

CONVERGES
.
IT GIVES A VERY GOOD



APPROXIMATION TO THE SOLUTION EVEN

WITH JUST A FEW TERMS
.

IT IS

MUCH MORE EFFICIENT FOR INSTANCE

THAN SOLVING THE ODE AS A SERIES

IN K AROUND 2=0
.



Andrea Cavaglia

Andrea Cavaglia
Figure from Bender and Orszag “Advanced mathematical methods for scientists and engineers”,
it shows the approximation in the example discussed above



IN GENERAL WE SHOULD BE CAREFUL;

* IT IS NOT GUARANTEED THAT THE

PERTURBATIVE SERIES CONVERGES !

• OFTEN IT IS JUST AN ASYMPTOTIC

SERIES .

HOWEVER EVEN IN THAT CASE IT CAN

BE VERY USEFUL
.

OFTEN A FEW TERMS OF AN ASYMPTO
,

TIC SERIES GIVE AN EXCELLENT

APPROXIMATION ( Cf . STIRLING )
, AS

LONG AS WE DO NOT INCLUDE

sYr.at?I!II??ssEoExa#E-
"
REGULAR

"

PERTURBATION THEORY .

WE NOW MENTION MORE COMPLICATED

CASES WHERE THE PERTURBATION IS
"
SINGULAR?



THERE ARE CAFES WHERE THE LIMIT E → 0 IS

NOT SMOOTH :

• THE SOLUTION MAY BECOME DISCONTINUOUS
, FASTLY

OSCILLATING
,

OR DEVELOP INFINITE GRADIENTS

FOR E → Ot

• TYPICALLY THEE PROBLEM AT E =D HAS

QUALITATIVELY DIFFERENT SOLUTIONS THAN

FOR E > 0 / HOWEVER SMAIL
.

THIS TYPICALLY ( BUT NOT EXCLUSIVELY ) HAPPENS

WHEN E IS IN FRONT OF THE HIGHEST

DERIVATIVE TERM .

IN SUCH CASES WE SAY THE PERTURBATION

IS
"

SINGULAR
"

. IT REQUIRES SPECIAL

TECHNIQUES THAT WE WILL NOT COVER IN

DEPTH
.

THE GOAL OF THIS SECTION IS FOR YOU TO

BE AWARE OF SINGULAR PERTURBATIONS
,

SO YOU

CAN RECOGNIZE THEM AND FIND INFORMATION

IF YOU NEED IN THE FUTURE
.



LEAKEANE¥E :

yco)=O

Ey
"

+ (ite ) y
'

+ y=0 y'(1) =/

THIS ODE I. V .

P
.

HAS A VERY SIMPLE SOLUTION :

yin = E- ( e-
×

-
e-%)

C- E)

HOWEVER IF WE TRY TO TREAT IT PERTURBATIVE24
,

WE ENCOUNTER SOME STRANGE FEATURES :

• STRICTLY AT E =D
,

THE IVP BECOMES

1IÉ:iNFAE_
y

'

+ y =D HAS NO SOLUTION

WITH
YIO)=0

y' 101=1 !

• A RELATED PHENOMENON IS THAT THE

SOLUTION AT 0642<1 DEVELOPS A REIN OF

VgÉN(AFTERRrscA4N6#



Andrea Cavaglia
Plot of y[x]/epsilon for epsilon = 0.2 (red), 0.05 (blue), 0.01 (orange), 0.005 (green) 



SUCH REGION OF FAST VARIATION WHERE

y
'
→ar-ore-Icn.int/30UNDARYLA-YERF

•
THERE ARE TECHNIQUES TO TREAT SINGULAR

PERTURBATIONS
.

THE MAIN IDEA IS THAT ( IN A

CASE LIKE THE ONE ABOVE
,
SUPPOSING WE DID NOT

KNOW THE SOLUTION )
,
WE WOULD NEED TO

CONSIDER TWO DIFFERENT REGIONS : THE

BOUNDARY LAYER
,
AND THE OUTER REGION .

INSIDE THE BOUNDARY LAYER
,
IT IS NATURAL TO WORK

WITH A RESCALED VARIABLE 2- = % .

THE TWO REGIONS ADMIT TWO SEPARATE

PERTURBATIVEEXPANSIONS
,
WHICH THEN SHOULD BE

GLUED TOGETHER .



MANY TECHNIQUES TO DEAL WITH THIS KIND

OF PROBLEMS CAN BE FOUND IN

BENDER & ORSZAG "
ADVANCED MATHEMATICAL

METHODS FOR SCIENTISTS AND ENGINEERS "
.

-

NoTE- : OFTEN E COULD BE A PHYSICAL

PARAMETER e.g. %z / OR ☆
2

, APPEARING

IN OUR PROBLEM
.

THEREFORE WE HAVE NO

"CHOICE " ON HOW IT APPEARS IN THE ODE
,

AND WE MAY HAVE TO CONSIDER SINGULAR
PERTURBATIONS FOR PHYSICAL REASONS

.

A FAMOUS EXAMPLE OF SINGULAR EXPANSION

IS THE VVKB APPROXIMATION IN QUANTUM

MECHANICS
,

WHICH CAN BE SEEN AS AN ASYMPTOTIC

PERTURBATIVE EXPANSION IN # → ◦
+
.

⑧ y
"

= (E - VE ) / YK )
-

=\
✗ APPEARS IN A

"

SINGULAR
"

WAY IN FRONT of HIGHEST DERIVATIVE

IN THIS CASE THE REGIONS ANALOGOUS TO BOUNDARY

LAYERS ARE THE NEIGHBOURHOODS OF TURNING POINTS

OF THE POTENTIAL
,

i. e. WHERE V(✗ ) = E.


