
g.

EXERCISESONIRREGULARSING.PT#

BESSEL Ea .

•

*

y
"
t ✗ y

'

+ 1×2 _ V2) y =D

✗ IO : FUCHSIA N PT
,
INDICES i ± U

✗ =D : IRREG
.
SINGULAR POINT

LET US CONSIDER TEALE ASYMPTOTIC EXPANSION FOR ✗ →t •

Scx )
TAKING yH= @ ,

THE ODE BECOMES

✗
'

( s " + @ ' 5) + ✗ s
'

+ ! -82=0
←~

~✓ SMALLER THAN ✗
2

SMALLER

WE ASSUME : / S
"

/ << @ 1)
&

,
THEN WE CAN Drop gang

TERMS .

WE THEN SEE THAT / ✗ S
'

/ < < ×
"

@ 1)
&

,

OTHERWISE WE WOULD HAVE S
'

< e ¥ ,
WHICH

IMPLIES THAT IT WOULD

BE IMPOSSIBLE TO

BALANCE THE ② TERM
.

THEN THE DOMINANT BALANCE is :

to



×
'

@ ' 12 ~ - ✗
2

Solutions : S ( x ) ~ ± i. ✗

WE CAN NOW VERIFY A POSTERIORI THAT INDEED

/ S" / << (1)
2

SO OUR ASSUMPTION WAS

~ ~
JUSTIFIED

.

011)

if

wEwa¥¥ÉtEFRNG
FACTOR

,
WE NEED TO GO TO THE NME#$ ORDER

IN THE EXPANSION ;

Six ) = ±i✗ + ( ( x )
,

Ccx ) < a ✗

For ✗ → too .

THE ODE BECOMES :
Sorokin

-
→

×:( -1/+0"+ci±z :c ')+F(±É=◦
✓↳

<< OG)
nÉr

Now WE SEE THAT AS A CONSEQUENCE of ( (X ) < < ✗
,

WE HAVE C
'
< < ◦ (1) → (d)

{
< < C

'

C'
'

< < ¥ → ÉC " << Ocx )

DROPPING THE SMALLER TERMS :}



±zi ✗2C
'
~ I ix

→ Ccx)~logÉ↳ C' ~ -1
2X

SO WE GET : S( × )~±i✗ -1
,
boy ✗

IN FACT GOING TO ONE MORE ORDER WE

COULD SEE THAT THE REMAINDER IS → 0 FOR

✗ → too

i. e. Scx ) =±i× - { logx + 81×1
,

fcx ) → 0 For ✗ → too .

THIS IMPLIES THAT

Sa) ±:X

✗
-12

yK1= e n e
•

TAKING A LINEAR COMBINATION OF THESE TWO

BEHAVIOURS WE CAN INDEED GET

~ cost - O ) EE
WHERE ④ IS

✗→ too / OR
ANY SHIFT

.

[ since -0 ) ×
-3



ÉI "

canonical Basis
" Jv (× ) / Yuk ) OF

SOLUTIONS OF BESSEL EQ
. 11 ALSO DEFINED BY

THEIR PROPERTIES AT K → 0
. ( e.g. J✓cx ) ~ ✗

✓ )•

÷
• WHAT ARE THE POSSIBLE BEHAVIOURS FOR ✗ → -00?

REPEATING THE ASYMPT
. ANALYSIS FOR ✗→ -00

WE WOULD FIND THESAME- POSSIBLE BEHAVIOURS :

±i✗

/ a /
- É

i.e.

ycx )
~ e

✗→ - •

NOTE THAT THE ± SIGN IS NOI CORRELATED

WITH HOW THE SOL - BEHAVES AT + •
.

#



Agg EXERCISESONEXPA~DING.lt#-NFNTg
[WE CONSIDER ✗ → too ) :

1) y"=✗
IN THIS

'

CASE ✗=D IS A FUCHSlAN_

POINT .(RREGuLAR_ SINGULARITY ! )
.

-

IN FACT , PCX)
=D → SO IT HAS A BEHAVIOUR

NOT WORSE THAN
~ pi for ✗ → • /

WITH Ñ=O .

AND cgcx ) = ¥-3 , GOES LIKE
~9I WITH Jo -0

✗
2

THE INDICIA L ER
.

IS if (9--11)--0 ,
so

9--0 or f= -1 .

SOLUTIONS BEHAVE LIKE

Yak )=
[ an Iya on

921×1 :
A log ✗ yeah

1- * { bae ×
- k

KO

rid



2) y"=✗3÷ c- LET
US SEE WHAT WOULD

CHANGE IN THIS CASE !

IN THIS CASE WE HAVE AN IRREGULAR

SING .
PT .

SETTING y =
es")

→ 5
"

+ @ 1)
2

= ✗
3

assuming ¢ ' )ʰ >> S " For ✗ → too ,

WE HAVE @
'[~ ✗

3

,
✗ → too

→ scx ) ~±} ✗
É

,
✗ → too

CRoss-CHEI
: @ 1)

&

~ ✗
3

s
"

~±{ ✗ I so @ 'is> Is
" /

NEI:sc×)=±gx%+c⇔,ÉÉ
✗ → too .

C
"

+ @↑ ± { ✗
I
±

2×3-2 C
'

= 0

w_
SMALLER

DONNANTYALANCE-i.dz ✗
É N - 2 ✗

£2
C
/



↳ c
'

~ -
3-

* ×

→ CCH -⇒ loyal.

( INDEED ,
THIS IS

< < OH :D.I. 21g ✗
%

• ✗
- ¥

→ y [ × ) ~
e For ✗ → too .

É+= 0

✗-2

•
✗ =D IS A FUCHS IAN PT .

'NDICIAL EQ :

919+1 ) - pig +97=0

WITH PT = 94=0 .

⇒ 9=0 or 9=-1 .



3)
y
" + ✗

¥
y

'
- ×"y=0 .

✗=D 'S AN IRREGULAR SINGUL .
POINT .

-

→ 1 STUDY THE EXPANSION FOR ✗ → t 00
,

%)
→ s

"
+ ¢

' )2 + ✗

- {
s
'
- ✗-2=0

g=e

IN THIS CASE THE ASSUMPTION IS
"

/ << (d)
<

IS INCONSISTENT !
DOMINANT

MOREOVER ,
THERE IS NO POSSIBLE#A LANCE

INVOLVING ONLY TWO TERMS THAT IS

CONSISTENT -

THE
CORRECT DOMINANT BALANCE IS :

S
"

NO@ ' 12 ) -01×-2 ) ,
✗ → + •

WITH S ' ✗
- % << S

' '

THIS LEADS To :

|S"+@)2~×-2



TAKING S
'
~ K ✗

- ^

S
"

~ - k ✗
-2

WE SOLVE FOR R :

C- K + K2 )# ~ ¥
→ - k + R2 =L → |k±={G±✓)-

→=k;É¥
,

@ → +01

CONSIDERING ONE MORE ORDER WE CAN

PROVE THAT ( (x ) < < 1 For ✗ → too _

§PAⁿ¥ÉTHE0DE:-
- k + C

"

+ (d)
'

+ (k±¥2 + 2k±c'É+✗%±É+É)
=H



→ C'
'

+ (d)
'

+2 k±C
'

×
"

+ É :c' + k±É&=O
-- =.

SMALLER SMALLER

SINCE [ (X ) < < boy ✗ WE SEE THAT SOME TOMS

AN CLEARLY SNUB DOMINANT → WE CAN Drop Teton
.

C
"

t 2 K± C
'

✗
- ^
~
- K± ✗

- {

AGAIN A BALANCE OF 3 TERMS
.

TAKING C
'

~ ✗ ✗
- &

WE GET

C
"

~ - { ✗ ✗
- {

- { ✗ ¥-2 + 2K±✗ ~ - k±

→ - { ✗ 1- 2 K±✗ = - K±

→ ✗ IS FIXED .

THIS IS CONSISTENT WITH ALL ASSUMPTIONS .
SO WE

PROVED CCX ) ~ 15^-2 If I _pÉ



I
,

WE CAN

WRITE

y( × , = escx ) k±logK )
~ e

K±

~ ✗
,
✗→ too.

THUS SOLUTIONS HAVE POWER - LIKE

BEHR SIMILAR TO EÑ0uR

AT AFUC.lt#gNflWAf-tAT
MAKES THIS POINT

"

IRREGULAR " THEN ?

THE FACT THAT
,
IF WE PROCEED BY COMPUTING

THE NEXT TERMS
,
WE FIND AN EXPANSION

IN POWERS of
✗
- }
,
RATHER THAN É?

K±
. [ an ×

"

ykl=
✗

•

± n=0

( AND THIS SERIES IS

CONVERGENT ! )



IN FACT
,
THEN IS A SIMPLE EXPLANATION

OF THIS FACT : VIVE CAN CltANGEVAMAB
IN OUR ORIGINAL EQUATION

-2

y
"
+ ×
"
y

'
- ✗ y =o

TAKING ZE ✗
{
,

AND THIS YIELDS

THE ODE

- ✓
"

+ a-2) Y' it ) - 4412-1=0Z 1 (E)

WHERE Z =D NOW is A FUCHSIAN

POINT IN THE NEW VARIABLE !

IN FACT
,

YOU CAN VERIFY THAT THE

INDICES of THIS EQ
.

AROUND 2- =D

ARE g± = - 2 kt
,

anti - * IS

CONS 'STENT WITH THE EXPANSION FOUND

ABOVE WITH A DIFFERENT METHOD
•



•ÉE÷

FINITEPT.fr
) ×

"

y
"

+1^+3×7 y
'
+ y

= 0

✗ = 0 IS AN IRRE6U2ARsiN6UCARlTY-

→ STUDY EXPANSION FOR ✗ → @
+

•

51×1
,y =

.

e

drop

↳ ×

'

/ s
' 't @ '5) +11+5×1*+1=0

A

i Assume i 5
"
< < (s ' )2 §

NOTE : For ✗ →
of
,

3. ✗ < < I → _~P .

WE CAN CHOOSE TWO DOMINANT BALANCES :

↓



DOMINANT BALANCE :

cas: ¥ @ '[ ~ - s
'

s
@

' Is> S "
WITH St 3) f-

↑
so WE DROP ALSO

"

I
"

AND ¥2s "
"

From THE EQ .,,
,

,

,
,
, , ,

→ Six)~
1
✗

[RoSECR,
: INDEED WITH THIS SOLUTION

=

✓(d) 2s> s
"

AND s
'

s> 1 ✓

Pos StB /CITY is ItEnNA
CASE II

§ 'T >> S
"

-

WITHOUT imposing s
'

→ 1 .

BUT

THIS MEANS THAT S
'

~ ☐ (1) or ◦ (1) ,

WHICH IMPLIES
@

'[ ✗ 2 << 51 .

THEN WE MUST DROP THE ✗
2 @ 1)

&

TERM .



THE DOMINANT BALANCE IS NOW i

s
'
~ -1 → S(✗ In - ✗

( for ✗→ Ot )

THIS IS CONSISTENT WITH
S
"
<< (s ')

≥

AND ALL THE OTHER ASSUMPTIONS -

IN THIS CASE , WE CAN READILY CONCLUDE

THAT THERE IS A SOLUTION WITH

BEHAVIOUR

Scx ) - ✗ + subtending

g. G)
=e = e

II

~ 1- ✗ + ◦G)

For ✗ → Ot
.

WE COULD IN PRINCIPLE DETERMINE ALL TERMS

IN A SERIES SOLUTION AROUND 0
. .

AS MENTEONDED [ N CLASS
,

THIS SERIES

WOULD BE AN ASYMPTOTIC , BUT NOT

CONVERGENT SERIES .



THIS CONCLUDES THE ANALYSIS OF CASE # •

=

LET US COME BACK TO CASE I
,
TO CHARACTERIZE

THIS OTHER INDEPENDENT SOLUTION .

IN THIS CASE WE HAVE

y -1-1×1
= e

""

,
wit# 51×1 ~ /

✗ → Ot .

WE can WRITE 51×1 = + ( (x )
,

WITH ( (X) < < for ✗ → .

IF WE WANT TO FIX COMPLETELY THE LEADING

BEHAVIOUR OF

YICX ) , WE SHOULD ALSO

FIX ALL TERMS IN ( (X ) UNTIL WE

FIND TERMS WHICH VANISH As ✗ → ☐
+
.

↓



From ×
" ( S

"

t C) 2) +11+3×15
'
+1=0

WE FIND THE ODE FOR CH ) :

✗
' ( C

"

+ ¥ +

,

+ ¢
'

)
'

_ 2¥ )
w Kp
drop

+ cat - × ) - ( C
'

-1×2 ) +1=0
in

drop

SINCE
! << ¥, for ✗ →

Ot WE CAN Drop

SOME TERMS :

(d)
2

< < ¢
✗ 2

C
"
<<

1-

✗
3

A drop

÷ +¥ -

2C
'

+ c
'

¥-

+ ◦ (1×1=0
in

subleoohnf
⇐ E)
for ✗→ Ot



WE REMAIN WITH THE

DOMINANT BALANCE :

-
~

.

-1 C
'

→ Clx ) ~ - logx
Far ✗ → Ot .

SO WE FIND :

51×1 - f- - logx + Dlx )

WE COULD GO
ON AND SHOW THAT

D. (✗ I → 0 For ✗ → Ot
.

THEN
,
THE LEADING BEHAVIOUR OF THIS

SOLUTION IS :

SK )
~ e For ✗ → Ot

yen
~ e

•

I

IN THIS CASE, IT ACTUALLY
TURNS OUT [ACCIDENTAL,;)

- THAT yal =
e IS AN EXACT SOL .

OF TEALE ODE !
•



5) y
"

= ray .

✗ = 0 IS AN

IRREG.sl~GULAR.IT#EXPA~DFoRX-7Ot.SCx
)

y = e → ( s " + C)2) = VE

NOTEiltis-consisi-ENTTOTn-RE.MY
S
"
<< (s

' )
≥

.

IN FACT
,
THIS ASSUMPTION

WOULD LEAD TO S
' ~± ✗

%
→ S ~ ✗

¥

✗→ ◦
+www.m.wg.m.m.im

LET US TRY 5
"
>> (s

' /
[

,

THE OPPOSITE :

✓

THEN THE DOMINANT BALANCE WOULD BE :

S
"

~ if → scx ) ~ Is ✗
%

• ✗ → 0T
THIS IS cASEI_ .



THEREISANOTHERPOSSIBILIIGIVINGAGNSIST.ci#
BALAN

MTH C)2s> .

S
"
~
_ ¢5

'

/
2

.

THIS HAS A SOLUTION WITH BEHAVIOUR

Scx ) ~ ✗ logx

FROM THE EQ - ABOVE WE fix :

-

✗ = - d2 → ✗ =L

C1ik:
INKED @ ' II ¥, >> WE

.

CASE
SO WE HAVE FOUND TWO CONSISTENT

BEHAVIOURS :

Sa ) % ✗
⇐
+ . . .

CAs : y -11×7
= e = e

~ It
{
+. _ _ .

For ✗ → Ot
.



CASET-I.SK ) ~ log ✗ + (G)

@→ 0+7

WHERE ( ANALYZING ONE most censor ) WE

COULD SHOW [(✗ I → 0 for ✗ → Ot.

THEN :

y #
(x ) are

↳ ✗

~ ✗
,
for ✗ → 0!

-

IN FACT ,
CONTINUING WITH THESE EXPANSIONS

WE WOULD FIND FURTHER TERMS AS

SERIES IN XX
.

THESE SERIES ARE

CONVERGENT .
IN FACT

,
ONE CAN VERIFY

THAT WITH THE TRANSFORMATION 2- ± ¥
OUR ODE maps to

↳ £
>

☆ (z ) + Y¥→ - Y'
'

171=0
,

witter



7=0 IS A FUCHS / AN PT
.

THE INDICES ARE f = 0 AND 1=2 ,

WHICH INDEED CORRESPOND TO THE BEHAVE
,

OF

YI ~ 2-
"◦

~ const for ✗ →
.

2-→ O

YE ~ Z
'"

~ ✗ for ✗ → Ot
.

2-→0

→ THE TWO BEHAVIOURS WE HAVE FOUND

WITH THE DOMINANT BALANCE

METHOD ✓
.

Fini
y
"

= if y
✗ =o

is not

FUCHSIAN BUT IT

IS LESS SINGULAR

THAN AT A FVCHSIANPT !

→ IN THIS CASE ,
THE ASSUMPTION → INSTEAD ,

(5
' )
?
>> s

" DOES NOT WORK @1) 2ns" → FUCHSIAN

PT IN
DIFFERENT
VARIABLE !



⑥ ✗ y
'"

- y
' =o

IT IS CONVENIENT TO JUST SET

1
AND STUDY THE ODE I

Y=y
✗ Y

"

-4=0

✗ =◦ is A RER, SING
.

POINT

SO WE CAN DETERMINE THE BEHAVIOUR

THERE JUST USING THE INDICIA L EQUATION
.

p◦=◦ , go
= 0

→ f ( f- 1) =D EINDICIAL Ea
. )

9=0 an f = I.

THIS MEANS THERE ARE SOLUTIONS of Tltor

•

FORM V1 -11×1 ~ ✗ . [ an X
"

h=O



And 4*1×1 = A @yx ) y -11×1
a

+ I bw ×
'

w=O

NAMO THOSE ARE CONVERGENT SERIES

If ✗ E E
.

From THIS WE Can for construct
THE

&

POSSIBLE BEHAVIOURS Of
y

= fulls ) ads

AT ✗ → Ot
-

WE HAVE EITHER YI fx ) ~ ✗

&

For

✗→ 0⇔→..⇔
.

OR WE COULD HAVE A TRIVIAL 5,0 LUTION

Y # ( t ) = const _

,
WHICH

SOLVES THE ODE

TRIVIALLY ,
AND ANSE 5 Any

INTEGRATION CONSTANT
.



8) 1) ✗ 1×-1 ) y
"

+ 3g
'
+ =O

IN THIS CASE ✗ = 0 IS A RE6UL#
SINGULARITY .

→ WE CAN JUST STUDY THE INDICIA L EQUATION
.

AT ✗ =D .

po=
- 3 (= bum ✗ pix ) )

✗→ 0

go = -1 ( = em ✗291×1 )
✗→ 0

fcg
- 1) -3 - g - 1=0

→ f±= 2 ± v5

THEN THE SOLUTION CAN HAVE THE

BEHAVIOURS

S±

Ycx ) - ✗ For ✗ → 0
.



AND MORE PRECISELY WE CAN FIND

coNVERGE
SERIES SOLUTIONS of THE FORM :

00

91×1 = ✗

¥
. [ an ox

"

.

h=O

-

5) y
"

= (eogx )
'

y .

IN THIS CASE ✗ = 0 IS AN

IRREGULAR-S.CN
GULAMTY .

LET US EXPAND For ✗ → Ot .

y = e

""

→ s
"
+ @ 12 = @gxi.LETUSTNYTHE1geygggig2foax-70t.tt

Assumptions :

§ .i÷:":÷::÷÷:{

Andrea Cavaglia


