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1 Main points

The paper provides a thorough assessment of the empirical relevance of the
(rational) expectations theory of the term structure of interest rates using
monthly US data for the 1-month (“short”) and the 20-year (“long”) interest
rates over the 1951-2001 period. The analysis exploits two sets of empirical
implications of the expectations theory, concerning:

1. the existence of cointegration between short and long interest rates
and therefore the presence of a common stochastic trend driving
the two rates. This implication is formalized and tested by means of a
(cointegrated) vector error-correction (VECM ) system.

2. the existence of a set of cross-equation restrictions that the theory
(assuming rational expectations) imposes on an (unrestricted) VAR
model describing the dynamics of short and long rates and their differ-
ence (i.e. the term spread).

2 Stylized facts

1. Short (R) and long (R") rates: large and persistent variations over
time with comovements

2. Spread (S = R* — R): much more stable over time

= if the rates are non-stationary, then there might be evidence of cointe-
gration (implying a stationary term spread), with a common stochastic
trend determining the comovement feature; simple tests: ADF tests on
interest rate series to test for non-stationarity and ADF test on spread
to test for cointegration with (1 —1) cointegrating vector imposed.

3. Strong evidence of predictability in the spread behaviour (highly se-
rially correlated), much less in the interest rate changes behaviour.



3 Theory

Basic theoretical relationships between long and short interest rates derived
from expectation theory.

Yield to maturity of a N-period coupon bond at ¢, RF, defined from price

of the bond PF:
N
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For a consol (N — o00) the yield to maturity is defined as:
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and the holding period yield (from ¢ to ¢t + 1) is
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Using a first-order Taylor expansion around R} = Rf,, = R (average long
rate over sample):
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Defining the discount factor J = 17 RL
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The expectations theory states that investors equate the (expected) hold-

ing period yield on long bonds F;H;,, to the short-term interest rate R; plus
a (potentially time-varying) excess holding period return (risk premium) k;:

L L
Rt - Rt+1

EH, 1 = R+ K

yielding
= BER + (1= B) (R + k) (1)
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Solving forward (imposing convergence):!

RtL - Z Eth+] + Etk?t+])
=0
= (1-9 ZB EiRyy  +  (1=8)> B Ekyy
j=0 =0
weighted average of K; = weighted average of
future expected short rates future expected risk premia

Basic implications (assuming constant expected risk premium, K; = K):

1. permanent and temporary changes in short rates have different effects
on long rates.
As an example, if the short rate follows an AR(1) process

Ry = pRy 1 + 6? = ERy ;= PR,

then
Rf = (1-8)) #(/R)+ ZB ik
7=0
}?
1-7
= R+ K
1= 3p + +
!Substituting forward for one period we get:
Rf = B[BERfy+ (1) (ERisr + Bikear)] + (1= B) (R + k)

E, RL

t+1

= (1-8)(Ri+k)+(1—B)B(ERiy1 + Etkiyr) + 82 ELR[ o

and after forward substitution for J periods:

R = (1-B)(Ri+k)+(1—pB)B(ERi1+ Fiki1) + ... +
+(1 = B) B (EtRity + Eikeys) + B/ E:RE,
J
= (1-5) B (EyRyyy + Eikyyy) + B E\RY, 5y
=0

If, letting J — oo, limj_, o BJHEthﬂJH = 0 (convergence assumption), then we obtain

REF = Z B9 (ERiyj + Eikiyj)
7=0



and

so that

B
1—0p

if p — 1 = RtL—>Rt+K and St—>K
if p - 0 = RF-(1-BR+K and S;=-BR+K

2. the spread is an indicator of future changes in short rates:

Rf—R, = (1-B)> B (ERu;—R)+K
7=0
= ) FEAR j+K

Jj=1

3. testable “efficient market” implication: the spread should forecast fu-
ture changes in the long rate’

RE - REy = 2SR (B, - R - TP K g

where £, = RF — E,_RF is the expectational error (that should be
orthogonal to any variable in the agents’ information set at time ¢t —1).

2Lagging (1) by one period we get

Rl =BE, 1 RFf +(1-8)(Ri—1 + K)

and using R = F;_1 RE + ¢, to substitute for E;_; Rl and rearranging:

1
RtL = BRtL—l -

17ﬁRt_1—17ﬂ

3 3 K +¢,

Finally, subtracting RF ; from both sides we obtain the above expression for RL — RE ;.
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4 Cointegration and common trends

Implications of the expectation theory for the time-series properties of inter-
est rates and their differential:

Si=Rf — Ry =Y FEAR.+(1—-8)> 5 Eky,
7j=1 I(VO) o 7=0 y

~~

1(0)

if changes in the short rate are stationary and expected risk premia are
stationary, then the term spread is stationary:

S, = Rl — R, ~ 1(0)

The spread can then be tested for stationarity (using unit root tests). More
rigorously, it is possible to test for cointegration between R and R in a
bivariate cointegrated VAR system.

4.1 Testing for cointegration

Start from a bivariate VAR in the levels of the two interest rates (ignoring
constant terms):

(r)- (o0 o) (e )+ ()

reparameterized in first differences with the term in levels capturing the long-
run cointegration properties of the series:

ARt _ CL(L) b(L) ARt,1 + T11 712 Rt,1 + Gﬁ

ARtL C(L) d(L) ARffl 721 722 Rffl GtL
Imposing cointegration between RY and R with cointegrating vector (1, —1)
we obtain the wvector error-correction (V ECM) representation

ARy a(L) b(L) AR QR L el
( ARE ) - ( o(L) d(L) ) ( ARE, )+< o ) (R Rt1)+< et )
Under cointegration the term in levels is important in determining the (error-
correction) interest rate dynamics and the V ECM should fit better the data
than a simple VAR in first differences (with no term in levels). A formal test
of the better performance of the V ECM (and therefore of cointegration be-
tween RY and R) may be carried out using a likelihood ratio test (comparing

the values of the log-likelihood of the V ECM and the VAR).
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4.2 Deriving the common stochastic trend

If the two rates are cointegrated, then they share a common stochastic trend.
According to the popular characterization of the stochastic trend given by
Beveridge and Nelson (Journal of Monetary Economics 1981),® for a non
stationary interest rate R;, the stochastic trend R, can be defined as the
long-run forecast, i.e.

Rt = }}1_)1{)10 Ei Ryyn

or, in terms of expected future changes (since Ry p, = Ry 1+ AR+ ARy +
+ ARt+h>:

Rt - Rt—l + Z Et ARH_]‘
=0

Expected future (long and short) interest rate changes may be obtained by
means of the VECM system using the following procedure, applied to the
case of one lag only in the first difference terms, that is

ARt = a ARt—l + b ARtL_l ‘I— OéRSt_l + 6?
ARF = cAR,_, +dARF |+ apS,_y + eF

This VECM can be expressed as a VAR(1) system for the three stationary
variables AR;, AR, and S;, after deriving S; from

AS, = ARF - AR,
= (c—a)AR; 1+ (d—b)ARF | + (ap, — ag) Si1 + (ef — eff)
= S = (c—a)AR 1+ (d=b)ARZ, + (1 +ar —ag) S+ (¢f —¢f)

Augmenting the original VAR with S; we obtain:

ARt a b R ARt_l 1 0 GR
ARtL = C d ag, ARtL_l + 0 1 ( etL )
S, c—a d—b 1+ap—ag Si_1 -1 1 t

or more compactly, with x; = (AR, AR} S;)and €, = (ef el):

X, =Mx;_1+Ge

3Beveridge and Nelson showed that any (univariate) non-stationary series modelled
as an ARIM A(p, 1,q) process can be decomposed into a permanent component (given
by the stochastic trend and represented by a random walk, possibly with drift) and a
transitory (stationary) component. Stock and Watson (Journal of the American Statistical
Asssociation 1988) extended this decomposition to a multivariate cointegrated framework.



Expected future values of x are then computed as
EtXtJrj = E(Xt+j ‘ Xt) = M] Xt

To select the expected value of the first two elements of vector x, correspond-
ing to AR and AR", we make use of the two “selection” vectors h’, = (1 0
0) and h, = (0 1 0), obtaining

EtARtJrj = E(ARtJrj | Xt) = th Mj Xt

EAR{,; = E(AR{;|x)=h] M x,

The stochastic trends of the short and long interest rates can then be com-
puted as

R, = R +hi[I-M] " x
Rf = Rf,+h, I-M] " x

where use has been made of (for the short-rate and similarly for the long-
rate):

iEt ARH_]' = ih% MJ Xt
j=0

j=0
= b <ZM3> x, = hpy [I-M] " x,
j=0

Finally, given cointegration between R and R, the spread S is stationary
and its long-run forecast S is simply related to the stochastic trend in the
long and short rates as follows:

S;=RF— R, = lim RE, — lim By Ry = lim B Sy = K

where K denotes the unconditional mean of the spread (capturing the term
premium).

The behaviour of the short-term and long-term interest rates can then be
decomposed into a permanent and a transitory components, the former being
the stochastic trend (R; and RL), and the latter simply derived as R;— R; and
RE — RL. This decomposition allows to relate the fluctuations of the spread
around its unconditional mean (K = S) to the temporary components of the
long and short rates (since permanent shifts given by the common stochastic
trend move both interest rates by the same amount with no effect on 5),
exploiting the identity:

Sy =5

(Rf — Ry) — (R{ — Ry)
= (RtL_RtL>_(Rt_Rt)
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from which we get
var(Sy) = var(Ry — R}') + var(R, — R;) — 2cov [(R} — Ry), (R} — R})]

Note: Panel C of Table 5 in the paper reads (correlation coefficients in bold
below the diagonal):

Long-Short Spread S
Total Temporary R* Temporary R

1.93 0.56 -1.37
0.96 0.18 -0.38
-0.99 -0.91 0.98

5 Rational expectations tests

The expectations theory of the term structure of interest rates is an example
of a more general class of theories that make use of the assumption of rational
expectations. Such rational expectations models have the common feature of
imposing restrictions across the equations describing the time-series dynamics
of the variables involved (‘“cross-equation restrictions”).

To see this point in the context of the term structure of interest rates, let
us consider a VAR(4) model for the change in the short rate and the term
spread:

4 4
AR, = Y aiAR i+ biSii+eft
=1 =1

4 4
St = Z C; ARt_,‘ + Z dz St—i + ef
i=1 =1

Under the assumption of a constant term premium (dropped for simplicity),
the expectations theory implies that the spread is

[e.e]

Si=> B E/AR,,

j=1

which imposes a set of testable cross-equation restrictions on the VAR model
for AR and S.



5.1 Deriving the restrictions on the VAR

Under the expectations hypothesis, the current spread reflects future changes
in the short rate expected on the basis of the full information set available
to agents in the market, €2;. In order to generate expected values of future
AR, the econometrician uses an information set, w;, which is (necessarily)
a subset of the market’s set: w; C €;. The law of iterated expectations is
used to prove that the above formula for the spread is unchanged even if the
information set used to form expectations is reduced.
In fact, given w,; C ; we have

E[E (AR | Q) |wi] = E (AR | wy)

Applying this property to the term spread formula (conditioning both sides
of the equation on the limited econometrician’s information set w;) we get,
using the fact that S; C wy:

E(S | w)=> B E[E(ARu;| ) |wi
=1
= S =) B E(ARy;|w)
j=1

Therefore, according to the expectations theory, the current spread is a dis-
counted sum of future changes of the short rate expected on the basis of the
limited information set available to the econometrician w;. In the context
of the VAR model above, w; contains the current and lagged values of AR,
and S;. The expectations of future AR, ; can then be constructed using the
so-called “companion form” of the VAR(4) model, written as a VAR(1):

ARt a; ag Qg3 Qg b1 bg b3 b4 ARt_l etAR
AR; 4 1 0 0 0 0 0 0 O AR; o 0
AR5 0o 1 0 0 O O O O AR;_3 0
AR5 | 0O o1 0 0 0 0 O AR, 4 0

St - Ci Cy C3 (4 d1 d2 d3 d4 St—l + ets

St1 0o 0o 0o 0 1 0 0 O Si—2 0

Si—o 0O 0o 0o 06 01 0 O Si_3 0

Si—3 0o 0 0 0 0 0 1 0 St_4 0

or more compactly:

W = th_l + ey



From this VAR, expectations are easily formed as:
FE (wt+j | wt) = :’.\/_[‘7 Wi

Using the “selection” vector h/y, = (1 0 ... 0) expected future changes in
the short rate are derived as

FE (AR,H_] | wt) = h/AR h/_[‘7 Wi

Using these expectations in the formula for the spread implied by the theory
and using the “selection” vector hg (with 1 in the position corresponding to
S; and 0 elsewhere) to express S; as hy w;,we get:

Wy = Zﬁﬂh M w, =hl\, <Zﬁij> w
j=1

hiyp SM I M| w,

= hiy=hy,fM[I-psM"

This is a set of 8 (non-linear) cross-equation restrictions on the 16 coefficients
of the bivariate VAR (elements of the rows of M corresponding to AR, and
AS;) imposed by the expectations theory.! To see the restrictions more
clearly we can make them linear by multiplying both sides of the equation
by [I — 5 M], getting

hg [I-AM] =hy M

which corresponds to the following set of 8 restrictions on the VAR parame-
ters:

a; = —¢ fori=1,23,4
1

bl - E - d1

bi = —dl for i = 2, 3,4

This set of restrictions can be tested after estimating (only) the unrestricted
VAR by means of a Wald test, or by means of a likelihood ratio test after
estimating both the unrestricted and the restricted forms of the VAR (in
both cases a value for 1/8 = 1 + RY must be assumed; in the paper a value
of 1.0056, corresponding to a sample average monthly long rate of 0.56%,
yelding an average annual rate of 6.67%).

4More generally, given a bivariate VAR in first differences with p lags, the total number
of parameters to be estimated is 4 p and the number of cross-equations restrictions imposed
by the (rational) expectations theory of the term structure is 2 p.
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6 Expectations and the spread

Very often, empirical tests of the cross-equations restrictions imposed by the
(pure) expectations theory on the bivariate dynamics of the short rate and
the spread yield strong rejections. Even the allowance of some time-variation
in the term premium (instead of assuming that it is constant over time as
under the pure expectations theory) does not rescue the theory in empirical
tests. Nonetheless, the expectations theory is important to understand the
behaviour of interest rates and to explain fluctuations in the spread.

One way to assess the merits of the theory is, after relaxing the assump-
tion of a time-invariant term spread, to construct the component of the spread
that can be explained by expectations of future changes in short rates and
evaluate its correlation with the spread itself; in the process, an estimate of
the term premium is derived as the difference between the spread and the
expectations component.

6.1 Decomposing the spread

Introducing a time-varying term premium, the expectations theory predicts
that the spread is the sum of the following two components:

Si=) B E AR+ (1= 0) ) By,
=0

Jj=1
Vv 4 N Vv
expectations term premium
component component

where expectations are formed relative the the full market’s information set
Q. Conditioning onto the (smaller) econometrician’s information set w; C
Q,, it is possible to construct a measure of the expectations component (so-
called “theoretical spread”) and (subtracting this estimate from the actual
spread) of the term premium component. Using the current (i.e. dated t)
information set w; and the bivariate VV AR model of the previous section, the
expectations component is

(o)

S F B (AR |w) = yp AM - AM] ™" w,

j=1

and the term premium component is derived as
1-5) ZﬁjE(’Ctﬂ |wi) =S —hyr BM [I—SM] ™" w,
§=0
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In the data the expectations component (“theoretical spread”) is very much
correlated with the actual spread (with a correlation coefficient of 0.99),
pointing to some validity of the expectations theory of the term structure.

Moreover, the variance of the spread can be decomposed (in a different
but related way as that presented in section 4.2) as:

var(Sy) = var <Z 3 E, ARt+j> +var ((1 —5) Zﬁj Etkztﬂ) + 2cov(., .)
j=1 Jj=0

In the data, although the variance of the term-premium component is not
very large, the covariance term is positive and relatively high: periods of
high expectations component occur when the term premium is also high,
so that the variability of the spread is significantly higher than that of the
expectations component only.

7 Conclusions
Several conclusions can be drawn from the results of the paper:

1. the levels of the short-term and long-term interest rates (non-stationary
series) are driven by a common stochastic trend; the term spread
is stationary (cointegrating relation)

2. changes in the long rate (ARL) are closely correlated with changes
in the stochastic trend: R’ is a good indicator of the (common)
stochastic trend in interest rates. Changes in the short rate (AR)
are much less correlated with changes in the stochastic trend, being
driven instead by important temporary fluctuations

3. the spread (not affected by the common stochastic trend in interest
rates) is a good indicator of changes in the temporary compo-
nent of short-term rates

4. the rational expectations (cross-equation) restrictions imposed by
the expectations theory of the term structure are rejected by formal
statistical tests but the theory provides nevertheless an useful
approximation for practical purposes.
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